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CHAPTER 8

Optimization in Statistics

Optimization is an essential feature in many problems in statistics. This is
apparent in almost all fields of statistics. Here are few examples, some of
which will be discussed in more detail in this chapter.

1. In the theory of estimation, an estimator of an unknown parameter is
sought that satisfies a certain optimality criterion such as minimum
variance, maximum likelihood, or minimum average risk (as in the case
of a Bayes estimator). Some of these criteria were already discussed in
Section 7.11. For example, in regression analysis, estimates of the
parameters of a fitted model are obtained by minimizing a certain
expression that measures the closeness of the fit of the model. One
common example of such an expression is the sum of the squared
residuals (these are deviations of the predicted response values, as
specified by the model, from the corresponding observed response
values). This particular expression is used in the method of ordinary
least squares. A more general class of parameter estimators is the class
of M-estimators. See Huber (1973,1981). The name “M-estimator”
comes from “generalized maximum likelihood.” They are based on the
idea of replacing the squared residuals by another symmetric function
of the residuals that has a unique minimum at zero. For example,
minimizing the sum of the absolute values of the residuals produces the
so-called least absolute values (LAV) estimators.

2. Estimates of the variance components associated with random or mixed
models are obtained by using several methods. In some of these
methods, the estimates are given as solutions to certain optimization
problems as in maximum likelihood (ML) estimation and minimum
norm quadratic unbiased estimation (MINQUE). In the former method,
the likelihood function is maximized under the assumption of normally
distributed data [see Hartley and Rao (1967)]. A completely different
approach is used in the latter method, which was proposed by Rao
(1970,1971). This method does not require the normality assumption.
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For a review of methods of estimating variance components, see Khuri
and Sahai (1985).

. In statistical inference, tests are constructed so that they are optimal in

a certain sense. For example, in the Neyman—Pearson lemma (see, for
example, Roussas, 1973, Chapter 13), a test is obtained by minimizing
the probability of Type II error while holding the probability of Type I
error at a certain level.

. In the field of response surface methodology, design settings are chosen

to minimize the prediction variance inside a region of interest, or to
minimize the bias that occurs from fitting the “wrong” model. Other
optimality criteria can also be considered. For example, under the
D-optimality criterion, the determinant of the variance—covariance ma-
trix of the least-squares estimator of the vector of unknown parameters
(of a fitted model) is minimized with respect to the design settings.

. Another objective of response surface methodology is the determina-

tion of optimum operating conditions on the input variables that
produce maximum, or minimum, response values inside a region of
interest. For example, in a particular chemical reaction setting, it may
be of interest to determine the reaction temperature and the reaction
time that maximize the percentage yield of a product. Optimum seeking
methods in response surface methodology will be discussed in detail in
Section 8.3.

. Several response variables may be observed in an experiment for each

setting of a group of input variables. Such an experiment is called a
multiresponse experiment. In this case, optimization involves a number
of response functions and is therefore referred to as simultaneous (or
multiresponse) optimization. For example, it may be of interest to
maximize the yield of a certain chemical compound while reducing the
production cost. Multiresponse optimization will be discussed in Sec-
tion 8.7.

. In multivariate analysis, a large number of measurements may be

available as a result of some experiment. For convenience in the
analysis and interpretation of such data, it would be desirable to work
with fewer of the measurements, without loss of much information.
This problem of data reduction is dealt with by choosing certain linear
functions of the measurements in an optimal manner. Such linear
functions are called principal components.

Optimization of a multivariable function was discussed in Chapter 7.
However, there are situations in which the optimum cannot be obtained
explicitly by simply following the methods described in Chapter 7.
Instead, iterative procedures may be needed. In this chapter, we shall
first discuss some commonly used iterative optimization methods. A
number of these methods require the explicit evaluation of the partial
derivatives of the function to be optimized (objective function). These
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are referred to as the gradient methods. Three other optimization
techniques that rely solely on the values of the objective function will
also be discussed. They are called direct search methods.

8.1. THE GRADIENT METHODS

Let f(x) be a real-valued function of k variables xi,x,,...,x,, where
x = (x,, x,,...,x;)". The gradient methods are based on approximating f(x)
with a low-degree polynomial, usually of degree one or two, using Taylor’s
expansion. The first- and second-order partial derivatives of f(x) are there-
fore assumed to exist at every point x in the domain of f. Without loss of
generality, we shall consider that f is to be minimized.

8.1.1. The Method of Steepest Descent

This method is based on a first-order approximation of f(x) with a polyno-
mial of degree one using Taylor’s theorem (see Section 7.5). Let x, be an
initial point in the domain of f(x). Let x,+th, be a neighboring point,
where th, represents a small change in the direction of a unit vector h, (that
is, t>0). The corresponding change in f(x) is f(x,+th,) —f(x,). A first-
order approximation of this change is given by

f(xg+1thy) —f(x,) =th(Vf(x,), (8.1)

as can be seen from applying formula (7.27). If the objective is to minimize
f(x), then h, must be chosen so as to obtain the largest value for —th/ \Vf(x,).
This is a constrained maximization problem, since h, has unit length. For this
purpose we use the method of Lagrange multipliers. Let F be the function

F= —thVf(x,) + A(Wyh, — 1).

By differentiating F with respect to the elements of h, and equating the
derivatives to zero we obtain

t
ho= 2 V/(x,). (82)
Using the constraint h';h, =1, we find that A must satisfy the equation
2 £ 2
A= ZIIVf(xo)IIZ, (8.3)

where ||[Vf(x()ll» is the Euclidean norm of Vf(x,). In order for —¢h\,Vf(x,)
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to have a maximum, A must be negative. From formula (8.3) we then have

t
A= =S IVf(xo)ll2.

By substituting this expression in formula (8.2) we get

Vi(x)

M= TV o)l

(8.4)

Thus for a given ¢ > 0, we can achieve a maximum reduction in f(x,) by
moving from x,, in the direction specified by h, in formula (8.4). The value of
t is now determined by performing a linear search in the direction of h,. This
is accomplished by increasing the value of ¢ (starting from zero) until no
further reduction in the values of f is obtained. Let such a value of ¢ be
denoted by ¢,. The corresponding value of x is given by

X —x. —1 Vi(xo)
T IVE(x) Il
Since the direction of h, is in general not toward the location x* of the
true minimum of f, the above process must be performed iteratively. Thus if
at stage i we have an approximation x; for x*, then at stage i + 1 we have the
approximation

X1 =X; +th;, i=0,1,2,...,
where
VF(x;
hi=—L, i=0,1,2,...,
IVF(x;)Il2

and ¢, is determined by a linear search in the direction of h;, that is, ¢; is the
value of ¢ that minimizes f(x; + th;). Note that if it is desired to maximize f,
then for each i (> 0) we need to move in the direction of —h;. In this case,
the method is called the method of steepest ascent.

Convergence of the method of steepest descent can be very slow, since
frequent changes of direction may be necessary. Another reason for slow
convergence is that the direction of h; at the ith iteration may be nearly
perpendicular to the direction toward the minimum. Furthermore, the method
becomes inefficient when the first-order approximation of f is no longer
adequate. In this case, a second-order approximation should be attempted.
This will be described in the next section.
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8.1.2. The Newton—Raphson Method

Let x, be an initial point in the domain of f(x). By a Taylor’s expansion of f
in a neighborhood of x, (see Theorem 7.5.1), it is possible to approximate
f(x) with the quadratic function ¢(x) given by

1
b(x) =f(x) + (x = %) "VF(xg) + 77 (x = %) Hy(x) (x = %), (85)

where H(x) is the Hessian matrix of f evaluated at x,,.

On the basis of formula (8.5) we can obtain a reasonable approximation to
the minimum of f(x) by using the minimum of ¢(x). If ¢(x) attains a local
minimum at x,, then we must necessarily have V¢(x,) =0 (see Section 7.7),
that is,

V(%) +Hf(X0)(X1 —X,) =0. (8.6)
If H,(x,) is nonsingular, then from equation (8.6) we obtain
x; =x, — H;'(x0) Vf(xy).

If we now approximate f(x) with another quadratic function, by again
applying Taylor’s expansion in a neighborhood of x;, and then repeat the
same process as before with x, used instead of x,,, we obtain the point

X =X — Hf_"l(xl)vf(xl)'

Further repetitions of this process lead to a sequence of points,
X(,X1,X5,...,X;,..., such that

X =%, — H7 ' (x) Vf(x,), i=0,1,2,.... (8.7)

The Newton—Raphson method requires finding the inverse of the Hessian
matrix H, at each iteration. This can be computationally involved, especially
if the number of variables, k, is large. Furthermore, the method may fail to
converge if H,(x;) is not positive definite. This can occur, for example, when
x; is far from the location x* of the true minimum. If, however, the initial
point x,, is close to x*, then convergence occurs at a rapid rate.

8.1.3. The Davidon-Fletcher—Powell Method

This method is basically similar to the one in Section 8.1.1 except that at the
ith iteration we have

X+ =X; — 6,G,Vf(x,), i=0,1,2,...,
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where G; is a positive definite matrix that serves as the ith approximation to
the inverse of the Hessian matrix H(x,), and 6, is a scalar determined by a
linear search from x; in the direction of —G,Vf(x,), similar to the one for the
steepest descent method. The initial choice G of the matrix G can be any
positive definite matrix, but is usually taken to be the identity matrix. At the
(i + Dst iteration, G; is updated by using the formula

G.,=G,+L,+M,, i=0,1,2,...,
where
_ Gi[Vf(Xi+1) - Vf(xi)] [Vf(xi+1) _Vf(xi)],Gi
l [Vf(xi+1) - Vf(xi)]’Gi[Vf(XHl) - Vf(xi)] 7

M. = — Oi[Gin(Xi)][Gin(Xi)]’
i [GVf(x)]' [Vf(x;41) — Vf(x)]

The justification for this method is given in Fletcher and Powell (1963).
See also Bunday (1984, Section 4.3). Note that if G, is initially chosen as the
identity, then the first increment is in the steepest descent direction — Vf(x,).

This is a powerful optimization method and is considered to be very
efficient for most functions.

8.2. THE DIRECT SEARCH METHODS

The direct search methods do not require the evaluation of any partial
derivatives of the objective function. For this reason they are suited for
situations in which it is analytically difficult to provide expressions for the
partial derivatives, such as the minimization of the maximum absolute devia-
tion. Three such methods will be discussed here, namely, the Nelder—-Mead
simplex method, Price’s controlled random search procedure, and general-
ized simulated annealing.

8.2.1. The Nelder-Mead Simplex Method

Let f(x), where x = (x,, x,,...,x;)’, be the function to be minimized. The
simplex method is based on a comparison of the values of f at the k+1
vertices of a general simplex followed by a move away from the vertex with
the highest function value. By definition, a general simplex is a geometric
figure formed by a set of k+ 1 points called vertices in a k-dimensional
space. Originally, the simplex method was proposed by Spendley, Hext, and
Himsworth (1962), who considered a regular simplex, that is, a simplex with
mutually equidistant points such as an equilateral triangle in a two-dimen-
sional space (k=2). Nelder and Mead (1965) modified this method by
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allowing the simplex to be nonregular. This modified version of the simplex
method will be described here.

The simplex method follows a sequential search procedure. As was men-
tioned earlier, it begins by evaluating f at the k+ 1 points that form a
general simplex. Let these points be denoted by x;,x,,...,x,,,. Let f, and
f; denote, respectively, the largest and the smallest of the values
f&)), f(x,),..., f(x,,,). Let us also denote the points where f;, and f, are
attained by x, and x,, respectively.

Obviously, if we are interested in minimizing f, then a move away from x,,
will be in order. Let us therefore define x_ as the centroid of all the points
with the exclusion of x,. Thus

1
X,=— ) X
k iz

In order to move away from x,,, we reflect x,, with respect to x, to obtain the
point x}. More specifically, the latter point is defined by the relation

X;l:_xczr(xc_xh)’

or equivalently,
xp=(1+r)x, —rx,,
where r is a positive constant called the reflection coefficient and is given by

LY

lx. —x,ll2

The points x,, x,., and x; are depicted in Figure 8.1. Let us consider the

co

Xp

Figure 8.1. A two-dimensional simplex with the reflection (x}), expansion (x},), and contraction
(x}.) points.
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following cases:

a.

If f; <f(x})<f,, replace x, by x3 and start the process again with the
new simplex (that is, evaluate f at the vertices of the simplex which has
the same points as the original simplex, but with x} substituted for x,,).

If f(x}) <f,, then the move from x, to x} is in the right direction and
should therefore be expanded. In this case, x; is expanded to x},
defined by the relation

X, — X, = Y(Xi —X,),
that is,

Xje = ¥X + (1= y)x,,
where y (> 1) is an expansion coefficient given by

Ix%, —x_ll2

’y:
x5 —x_ll,

(see Figure 8.1). This operation is called expansion. If f(x},) <f,
replace x, by x7, and restart the process. However, if f(x},) > f;, then
expansion is counterproductive. In this case, x}, is dropped, x, is
replaced by x7, and the process is restarted.

. If upon reflecting x,, to x} we discover that f(x}) > f(x,) for all i + h,

then replacing x, by x} would leave f(x}) as the maximum in the new
simplex. In this case, a new x,, is defined to be either the old x,, or x7,
whichever has the lower value. A point x}, is then found such that

X;X:c —X. = B(Xh _XC)’
that is,
X;I:c = Bxh + (1 - B)Xc’
where B (0 < B< 1) is a contraction coefficient given by

G =x

lIx, — x>

Next, xj. is substituted for x, and the process is restarted unless
f&3%,) > minl f,,, f(x})], that is, the contracted point is worse than the
better of f, and f(x¥). When such a contraction fails, the size of the
simplex is reduced by halving the distance of each point of the simplex
from x,;, where, if we recall, x, is the point generating the lowest
function value. Thus x; is replaced by x, + 3(x; — x,), that is, by 3(x; +
x,). The process is then restarted with the new reduced simplex.
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—> Step 1

Is Fx}) < f}?

No —- Step 2b

No-——{ls FE) > fx)), i # h? }— Yes

No

|

No — Step 2b

Is fx2) > £,

Step 6
i

¥

Has minimum been reached? }'Yes — Exit

|

Restart No

Step 1. Select initial points, x,,X,,..., %, and calculate f(x,), i =1,2,...,k+ L.
Determine x,, x;, and calculate x, = L, . ,x;/k. Select r > 0, say r = 1, %, or 1, find
x5 = (1 4+ r)x, — rx,, and calculate f(x}).

Step 2. (a) Calcuwate xj, = yx5% + (1 — y)x_ by choosing y > 1, say y = 1.5, then calculate

Fxire):

(b) Replace x, with x}.

Step 3. Replace x, with xJ,.

Step 4. Calculate x}. = Bx, + (1 ~ B)x, by choosing 0 < B < 1, say B = 0.5, then calculate
foxk,).

Step 5. Replace all the x;s with (x; +x,)/2.

Step 6. Replace x,, with x},.

Figure 8.2. Flow diagram for the Nelder-Mead simplex method. Source: Nelder and Mead
(1965). Reproduced with permission of Oxford University Press.

Thus at each stage in the minimization process, x,, the point at
which f has the highest value, is replaced by a new point according to
one of three operations, namely, reflection, contraction, and expansion.
As an aid to illustrating this step-by-step procedure, a flow diagram is
shown in Figure 8.2. This flow diagram is similar to one given by Nelder
and Mead (1965, page 309). Figure 8.2 lists the explanations of steps 1
through 6.

The criterion used to stop the search procedure is based on the
variation in the function values over the simplex. At each step, the
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standard error of these values in the form

_ 1/2
SN (f - )
k

S =

is calculated and compared with some preselected value d, where
fi> fas--+s fry1 denote the function values at the vertices of the simplex
at hand and f= Y**!f,/(k + 1). The search is halted when s <d. The
reasoning behind this criterion is that when s <d, all function values
are very close together. This hopefully indicates that the points of the
simplex are near the minimum.

Bunday (1984) provided the listing of a computer program which can be
used to implement the steps described in the flow diagram.

Olsson and Nelson (1975) demonstrated the usefulness of this method by
using it to solve six minimization problems in statistics. The robustness of the
method itself and its advantages relative to other minimization techniques
were reported in Nelson (1973).

8.2.2. Price’s Controlled Random Search Procedure

The controlled random search procedure was introduced by Price (1977). It is
capable of finding the absolute (or global) minimum of a function within a
constrained region R. It is therefore well suited for a multimodal function,
that is, a function that has several local minima within the region R.

The essential features of Price’s algorithm are outlined in the flow diagram
of Figure 8.3. A predetermined number, N, of trial points are randomly
chosen inside the region R. The value of N must be greater than k, the
number of variables. The corresponding function values are obtained and
stored in an array A along with the coordinates of the N chosen points. At
each iteration, k + 1 distinct points, X;,X,,...,X;,, are chosen at random
from the N points in storage. These k+ 1 points form a simplex in a
k-dimensional space. The point x,,, is arbitrarily taken as the pole (desig-
nated vertex) of the simplex, and the next trial point x, is obtained as the
image (reflection) point of the pole with respect to the centroid x, of the
remaining k points. Thus

X, =2X, = X4

The point x, must satisfy the constraints of the region R. The value of the
function f at x, is then compared with f,_, , the largest function value in
storage. Let x,,,, denote the point at which f, . is achieved. If f(x,) <f, x>
then x,,, is replaced in the array A by x,. If x, fails to satisfy the constraints

of the region R, or if f(x,) > f,.., then x, is discarded and a new point is
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Start

!

Input: The number of variables, k; the number of points, N, to be stored; the constraints of
the region R.

Choose N points at random from R, and store the coordinates and corresponding function
values in'an N X (k + 1) matrix A.

I
Y

Determine the point, X, that has the largest function value, f,.,-

T

L4

Randomly choose k + 1 distinct points Xy, X5, ...,X; . from the set of N points in storage.

Determine the centroid x, of x;,x,,...,X;; then determine the next trial point x, = 2x_ —
Xkt 1

i

No Does x, fall in the region R?

I
Yes

!

Evaluate f(x,)

i
No Is fx,) < fanad?

I
Yes

!

Replace in the matrix A the coordinates and function value at x,, by those of x,.

!

Is the stopping criterion
No satisfied?

|
Yes

!

Print A and stop

Figure 8.3. A flow diagram for Price’s procedure. Source: Price (1977). Reproduced with
permission of Oxford University Press.



338 OPTIMIZATION IN STATISTICS

chosen by following the same procedure as the one used to obtain x,. As the
algorithm proceeds, the N points in storage tend to cluster around points at
which the function values are lower than the current value of f,,,.. Price did
not specify a particular stopping rule. He left it to the user to do so. A
possible stopping criterion is to terminate the search when the N points in
storage cluster in a small region of the k-dimensional space, that is, when
fmax and f... are close together, where f,,, is the smallest function value in
storage. Another possibility is to stop after a specified number of function
evaluations have been made. In any case, the rate of convergence of the
procedure depends on the value of N, the complexity of the function f, the
nature of the constraints, and the way in which the set of trial points is
chosen.

Price’s procedure is simple and does not necessarily require a large value
of N. It is sufficient that N should increase linearly with k. Price chose, for
example, the value N =50 for k =2. The value N =10k has proved useful
for many functions. Furthermore, the region constraints can be quite com-
plex. A FORTRAN program for the implementation of Price’s algorithm was
written by Conlon (1991).

8.2.3. The Generalized Simulated Annealing Method

This method derives its name from the annealing of metals, in which many
final crystalline configurations (corresponding to different energy states) are
possible, depending on the rate of cooling (see Kirkpartrick, Gelatt, and
Vechhi, 1983). The method can be applied to find the absolute (or global)
optimum of a multimodal function f within a constrained region R in a
k-dimensional space.

Bohachevsky, Johnson, and Stein (1986) presented a generalization of the
method of simulated annealing for function optimization. The following is a
description of their algorithm for function minimization (a similar one can be
used for function maximization): Let f,, be some tentative estimate of the
minimum of f over the region R. The method proceeds according to the
following steps (reproduced with permission of the American Statistical
Association):

1. Select an initial point x, in R. This point can be chosen at random or
specified depending on available information.

2. Calculate f,=f(x,). If |f,—f,| <€, where e is a specified small
constant, then stop.

3. Choose a random direction of search by generating k independent

standard normal variates z,, z,,..., z;; then compute the elements of
the random vector u = (uy, u,,...,u,)’, where
Z; .
u;, = i=1,2,...,k,

Lo (e —i—z,f)l/2 ’

and k is the number of variables in the function.
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4. Set x, =x, + Ar u, where Ar is the size of a step to be taken in the
direction of u. The magnitude of Ar depends on the properties of the
objective function and on the desired accuracy.

5. If x, does not belong to R, return to step 3. Otherwise, compute
fi=fx,) and Af=f, —f.

6. if f, <f,, set x,=x, and f, =f,. If |f, — f,.| <e, stop. Otherwise, go to
step 3.

7. If f, > f,, set a probability value given by p = exp(— Bf§ Af), where B
is a positive number such that 0.50 < exp(—BAf) <0.90, and g is an
arbitrary negative number. Then, generate a random number v from
the uniform distribution U(0,1). If v>p, go to step 3. Otherwise, if
v<p, set X, =Xy, f, =f, and go to step 3.

From steps 6 and 7 we note that beneficial steps (that is, f; <f,) are
accepted unconditionally, but detrimental steps (f; > f,) are accepted accord-
ing to a probability value p described in step 7. If v < p, then the step leading
to x, is accepted; otherwise, it is rejected and a step in a new random
direction is attempted. Thus the probability of accepting an increment of f
depends on the size of the increment: the larger the increment, the smaller
the probability of its acceptance.

Several possible values of the tentative estimate f,, can be attempted. For
a given f,, we proceed with the search until f—f, becomes negative. Then,
we decrease f,,, continue the search, and repeat the process when necessary.
Bohachevsky, Johnson, and Stein gave an example in optimal design theory
to illustrate the application of their algorithm.

Price’s (1977) controlled random search algorithm produces results compa-
rable to those of simulated annealing, but with fewer tuning parameters. It is
also better suited for problems with constrained regions.

8.3. OPTIMIZATION TECHNIQUES IN RESPONSE
SURFACE METHODOLOGY

Response surface methodology (RSM) is an area in the design and analysis of
experiments. It consists of a collection of techniques that encompasses:

1. Conducting a series of experiments based on properly chosen settings
of a set of input variables, denoted by x,, x,,..., x;, that influence a
response of interest y. The choice of these settings is governed by
certain criteria whose purpose is to produce adequate and reliable
information about the response. The collection of all such settings
constitutes a matrix D of order n Xk, where n is the number of
experimental runs. The matrix D is referred to as a response surface
design.
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2. Determining a mathematical model that best fits the data collected
under the design chosen in (1). Regression techniques can be used to
evaluate the adequacy of fit of the model and to conduct appropriate
tests concerning the model’s parameters.

3. Determining optimal operating conditions on the input variables that
produce maximum (or minimum) response value within a region of
interest R.

This last aspect of RSM can help the experimenter in determining the best
combinations of the input variables that lead to desirable response values.
For example, in drug manufacturing, two drugs are tested with regard to
reducing blood pressure in humans. A series of clinical trials involving a
certain number of high blood pressure patients is set up, and each patient
is given some predetermined combination of the two drugs. After a period of
time the patient’s blood pressure is checked. This information can be used to
find the specific combination of the drugs that results in the greatest
reduction in the patient’s blood pressure within some specified time interval.

In this section we shall describe two well-known optimum-seeking proce-
dures in RSM. These include the method of steepest ascent (or descent) and
ridge analysis.

8.3.1. The Method of Steepest Ascent

This is an adaptation of the method described in Section 8.1.1 to a response
surface environment; here the objective is to increase the value of a certain
response function.

The method of steepest ascent requires performing a sequence of sets of
trials. Each set is obtained as a result of proceeding sequentially along a path
of maximum increase in the values of a given response y, which can be
observed in an experiment. This method was first introduced by Box and
Wilson (1951) for the general area of RSM.

The procedure of steepest ascent depends on approximating a response
surface with a hyperplane in some restricted region. The hyperplane is
represented by a first-order model which can be fitted to a data set obtained
as a result of running experimental trials using a first-order design such as a
complete 2 factorial design, where k is the number of input variables in the
model. A fraction of this design can also be used if k is large [see, for
example, Section 3.3.2 in Khuri and Cornell (1996)]. The fitted first-order
model is then used to determine a path along which one may initially observe
increasing response values. However, due to curvature in the response
surface, the initial increase in the response will likely be followed by a
leveling off, and then a decrease. At this stage, a new series of experiments is
performed (using again a first-order design) and the resulting data are used
to fit another first-order model. A new path is determined along which
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increasing response values may be observed. This process continues until it
becomes evident that little or no additional increase in the response can be

gained.
Let us now consider more specific details of this sequential procedure. Let
y(x) be a response function that depends on k input variables, x,, x,, ..., X,

which form the elements of a vector x. Suppose that in some restricted region
y(x) is adequately represented by a first-order model of the form

k
y(x) =B+ X Bix; + e, (8.8)
i=1
where B, By,---, B; are unknown parameters and e is a random error. This

model is fitted using data collected under a first-order design (for example, a
2¥ factorial design or a fraction thereof). The data are utilized to calculate
the least-squares estimates BO, ,6'1, . ,Bk of the model’s parameters. These
are elements of B xX'x)'x’ y, where X =[1,: D] with 1, being a vector of
ones of order n X 1, D is the design matrix of order n Xk, and y is the
corresponding vector of response values. It is assumed that the random
errors associated with the n response values are independently distributed
with means equal to zero and a common variance o*. The predicted
response y(x) is then given by

k
P(x) =By + X Bix;- (8.9)
i=1
The input variables are coded so that the design center coincides with the
origin of the coordinates system.

The next step is to move a distance of r units away from the design center
(or the origin) such that a maximum increase in j can be obtained. To
determine the direction to be followed to achieve such an increase, we need
to maximize $(x) subject to the constraint Y¥_, x? =r? using the method of
Lagrange multipliers. Consider therefore the function

i=1

k
0(x) = o+ ¥ fix, - ( ¥ xior ) (5.10)
i=1

where A is a Lagrange multiplier. Setting the partial derivatives of Q equal to
zero produces the equations

1 .

X, = B;, i=1,2,...,k.

SR

For a maximum, A must be positive. Using the equality constraint, we

conclude that
1 k 1/2
= _( Z Biz) .
F\iz1
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A local maximum is then achieved at the point whose coordinates are given
by

xi=(2kr—5j2)1/2, i=1,2,... k,
i=1 P

which can be written as

x; =re;, i=1,2,...,k, (8.11)
where ¢, = B(X~_, [2,-2)’1/21 i=1,2,...,k. Thus e= (e, e,,...,e;) is a unit
vector in the direction of ( B, B,,..., B;)’. Equations (8.11) indicate that at a
distance of r units away from the origin, a maximum increase in j occurs
along a path in the direction of e. Since this is the only local maximum on the
hypersphere of radius r, it must be the absolute maximum.

If the actual response value (that is, the value of y) at the point x =re
exceeds its value at the origin, then a move along the path determined by e is
in order. A series of experiments is then conducted to obtain response values
at several points along the path until no additional increase in the response is
evident. At this stage, a new first-order model is fitted using data collected
under a first-order design centered at a point in the vicinity of the point at
which that first drop in the response was observed along the path. This model
leads to a new direction similar to the one given by formula (8.11). As before,
a series of experiments are conducted along the new path until no further
increase in the value of y can be observed. The process of moving along
different paths continues until it becomes evident that little or no additional
increase in y can be gained. This usually occurs when the first-order model
becomes inadequate as the method progresses, due to curvature in the
response surface. It is therefore necessary to test each fitted first-order
model for lack of fit at every stage of the process. This can be accomplished
by taking repeated observations at the center of each first-order design and
at possibly some other design points in order to obtain an independent
estimate of the error variance that is needed for the lack of fit test [see, for
example, Sections 2.6 and 3.4 in Khuri and Cornell (1996)]. If the lack of fit
test is significant, indicating an inadequate model, then the process is
stopped and a more elaborate experiment must be conducted to fit a
higher-order model, as will be seen in the next section.

Examples that illustrate the application of the method of steepest ascent
can be found in Box and Wilson (1951), Bayne and Rubin (1986, Section 5.2),
Khuri and Cornell (1996, Chapter 5), and Myers and Khuri (1979). In the last
reference, the authors present a stopping rule along a path that takes into
account random error variation in the observed response. We recall that a
search along a path is discontinued as soon as a drop in the response is first
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observed. Since response values are subject to random error, the decision to
stop can be premature due to a false drop in the observed response. The
stopping rule by Myers and Khuri (1979) protects against taking too many
observations along a path when in fact the true mean response (that is, the
mean of y) is decreasing. It also protects against stopping prematurely when
the true mean response is increasing.

It should be noted that the procedure of steepest ascent is not invariant
with respect to the scales of the input variables x,, x,, ..., x,. This is evident
from the fact that a path taken by the procedure is determlned by the
least-squares estimates ,B 1> BZ, - ,Bk [see equations (8.11)], which depend on
the scales of the x,’s.

There are situations in which it is of interest to determine conditions that
lead to a decrease in the response, instead of an increase. For example, in a
chemical investigation it may be desired to decrease the level of impurity or
the unit cost. In this case, a path of steepest descent will be needed. This can
be accomplished by changing the sign of the response y, followed by an
application of the method of steepest ascent. Thus any steepest descent
problem can be handled by the method of steepest ascent.

8.3.2. The Method of Ridge Analysis

The method of steepest ascent is most often used as a maximum-region-seek-
ing procedure. By this we mean that it is used as a preliminary tool to get
quickly to the region where the maximum of the mean response is located.
Since the first-order approximation of the mean response will eventually
break down, a better estimate of the maximum can be obtained by fitting a
second-order model in the region of the maximum. The method of ridge
analysis, which was introduced by Hoerl (1959) and formalized by Draper
(1963), is used for this purpose.

Let us suppose that inside a region of interest R, the true mean response
is adequately represented by the second-order model

k
y(X) =:30+ Z Bi ; + Z Z Bl]xlx]+ Z Bll'xl t e, (812)
i=1 i=1 j=2
i<j

where the B’s are unknown parameters and e is a random error with mean
zero and variance o 2. Model (8.12) can be written as

y(x) = By +x'B +x'Bx + €, (8.13)
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where B = (B, B,,---, B;) and B is a symmetric k X k matrix of the form
Bu %:312 %313 %Blk
B2 %323 %BZk
B— . :
1
Eﬁk—l,k
symmetric Brx

Least-squares estimates of the parameters in model (8.13) can be obtained by
using data collected according to a second-order design. A description of
potential second-order designs can be found in Khuri and Cornell (1996,
Chapter 4). .

Let B,, B, and B denote the least-squares estimates of 3,, B, and B,
respectively. The predicted response j(x) inside the region R is then given by

P(x) = By +x'B +x'Bx. (8.14)

The input variables are coded so that the design center coincides with the
origin of the coordinates system.

The method of ridge analysis is used to find the optimum (maximum or
minimum) of $(x) on concentric hyperspheres of varying radii inside the
region R. It is particularly useful in situations in which the unconstrained
optimum of j(x) falls outside the region R, or if a saddle point occurs
inside R.

Let us now proceed to optimize y(x) subject to the constraint

k
Y x2=r2, (8.15)

where 7 is the radius of a hypersphere centered at the origin and is contained
inside the region R. Using the method of Lagrange multipliers, let us
consider the function

k
F=y(x) - /\( Y x? —rz), (8.16)

i=1

where A is a Lagrange multiplier. Differentiating F with respect to x;
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(i=1,2,...,k) and equating the partial derivatives to zero, we obtain
JoF R R A A
T 2( B — /\)xl T BpXxy+ o F By X+ B =0,
1
oF N A ~ A
. Bipx + 2( By — )\)x2 ot By X + B, =0,
2
aF A A A
P BixXi + Boxxy + +2( Bir — )‘)xk + B =0.
k

These equations can be expressed as

(B—AL )x = —3B. (8.17)

Equations (8.15) and (8.17) need to be solved for x,, x,,...,x, and A. This
traditional approach, however, requires calculations that are somewhat in-

volved. Draper (1963) proposed the following simpler, yet equivalent proce-
dure:

i. Regard r as a variable, but fix A instead.
ii. Insert the selected value of A in equation (8.17) and solve for x. The
solution is used in steps iii and iv.
iii. Compute r = (x'x)'/2.
iv. Evaluate y(x).
Several values of A can give rise to several stationary points which lie on
the same hypersphere of radius r. This can be seen from the fact that if A is

chosen to be different from any eigenvalue of B, then equation (8.17) has a
unique solution given by

x=—3(B-a1,) B (8.18)

By substituting x in equation (8.15) we obtain

Br(B-arL) B=4r. (8.19)

Hence, each value of r gives rise to at most 2k corresponding values of A.

The choice of A has an effect on the nature of the stationary point. Some
values of A produce points at each of which y has a maximum. Other values
of A cause y to have minimum values. More specifically, suppose that A, and
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A, are two values substituted for A in equation (8.18). Let x,,x, and r,r, be
the corresponding values of x and r, respectively. The following results,
which were established in Draper (1963), can be helpful in selecting the value
of A that produces a particular type of stationary point:

Resurt 1. If r, =r, and A, > A,, then §, >¥,, where y, and j, are the
values of y(x) at x, and x,, respectively.

This result means that for two stationary points that have the same
distance from the origin, y will be larger at the stationary point with the
larger value of A.

REsuLT 2. Let M be the matrix of second-order partial derivatives of F
in formula (8.16), that is,

M =2(B—AL). (8.20)

If r, =r,, and if M is positive definite for x, and is indefinite (that is, neither
positive definite nor negative definite) for x,, then §, <J,.

Resurt 3. If A, is larger than the largest eigenvalue of B, then the
corresponding solution x, in formula (8.18) is a point of absolute maximum
for § on a hypersphere of radius r, = (x}x,)"/?. If, on the other hand, A, is
smaller than the smallest eigenvalue of B, then x; is a point of absolute
minimum for y on the same hypersphere.

On the basis of Result 3 we can select several values of A that exceed the
largest eigenvalue of B. The resulting values of the k elements of x and § can
be plotted against the corresponding values of r. This produces k + 1 plots
called ridge plots (see Myers, 1976, Section 5.3). They are useful in that an
experimenter can determine, for a particular r, the maximum of § within a
region R and the operating conditions (that is, the elements of x) that give
rise to the maximum. Similar plots can be obtained for the minimum of j
(here, values of A that are smaller than the smallest eigenvalue of B must be
chosen). Obviously, the portions of the ridge plots that fall outside R should
not be considered.

ExaMPLE 8.3.1. An experiment was conducted to investigate the effects
of three fertilizer ingredients on the yield of snap beans under field condi-
tions. The fertilizer ingredients and actual amounts applied were nitrogen
(N), from 0.94 to 6.29 Ib/plot; phosphoric acid (P,O5), from 0.59 to 2.97
Ib/plot; and potash (K,O0), from 0.60 to 4.22 lb/plot. The response of
interest is the average yield in pounds per plot of snap beans.
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Five levels of each fertilizer were used. The levels are coded using the
following linear transformations:

X, —3.62 X, —1.78 X, —2.42
T T 59 0 BT T o 0 BT T o7

Here, X, X,, and X; denote the actual levels of nitrogen, phosphoric acid,
and potash, respectively, used in the experiment, and x,, x,, x; the corre-
sponding coded values. In this particular coding scheme, 3.62, 1.78, and 2.42
are the averages of the experimental levels of X, X,, and X;, respectively,
that is, they represent the centers of the values of nitrogen, phosphoric acid,
and potash, respectively. The denominators of x,, x,, and x; were chosen so
that the second and fourth levels of each X, correspond to the values —1
and 1, respectively, for x; (i=1,2,3). One advantage of such a coding
scheme is to make the levels of the three fertilizers scale free (this is
necessary in general, since the input variables can have different units of
measurement). The measured and coded levels for the three fertilizers are

shown below:

Levels of x; (i =1,2,3)

Fertilizer —1.682 —1.000 0.000 1.000 1.682
N 0.94 2.03 3.62 5.21 6.29
P,0; 0.59 1.07 1.78 2.49 2.97
K,O 0.60 1.35 2.42 3.49 4.22

Combinations of the levels of the three fertilizers were applied according
to the experimental design shown in Table 8.1, in which the design settings
are given in terms of the coded levels. Six center-point replications were run
in order to obtain an estimate of the experimental error variance. This
particular design is called a central composite design [for a description of this
design and its properties, see Khuri and Cornell (1996, Section 4.5.3)], which
has the rotatability property. By this we mean that the prediction variance,
that is, Var[ (x)], is constant at all points that are equidistant from the design
center [see Khuri and Cornell (1996, Section 2.8.3) for more detailed infor-
mation concerning rotatability]. The corresponding response (yield) values
are given in Table 8.1.

A second-order model of the form given by formula (8.12) was fitted to the
data set in Table 8.1. Thus in terms of the coded variables we have the model

3 3
y(x) =By + X Bix; + BraX1 Xy + BiaX X3+ By Xyxy+ Y Bxl +e. (8.21)
i-1 i=1
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Table 8.1. The Coded and Actual Settings of the Three Fertilizers
and the Corresponding Response Values

Xy Xy X5 N P,O;4 K,O Yield y
-1 -1 -1 2.03 1.07 1.35 11.28
1 -1 -1 5.21 1.07 1.35 8.44
-1 1 -1 2.03 2.49 1.35 13.19
1 1 -1 5.21 2.49 1.35 7.71
-1 -1 1 2.03 1.07 3.49 8.94
1 -1 1 5.21 1.07 3.49 10.90
-1 1 1 2.03 2.49 3.49 11.85
1 1 1 5.21 2.49 3.49 11.03
—1.682 0 0 0.94 1.78 242 8.26
1.682 0 0 6.29 1.78 2.42 7.87
0 —1.682 0 3.62 0.59 2.42 12.08
0 1.682 0 3.62 2.97 242 11.06
0 0 —1.682 3.62 1.78 0.60 7.98
0 0 1.682 3.62 1.78 4.22 10.43
0 0 0 3.62 1.78 2.42 10.14
0 0 0 3.62 1.78 2.42 10.22
0 0 0 3.62 1.78 2.42 10.53
0 0 0 3.62 1.78 2.42 9.50
0 0 0 3.62 1.78 2.42 11.53
0 0 0 3.62 1.78 2.42 11.02

Source: A. 1. Khuri and J. A. Cornell (1996). Reproduced with permission of Marcel Dekker, Inc.

The resulting prediction equation is given by

$(x) = 10.462 — 0.574x, + 0.183x, + 0.456x; — 0.678x,x, + 1.183x, x5

+0.233x,x; — 0.676x2 + 0.563x2 — 0.273x2. (8.22)

Here, §(x) is the predicted yield at the point x = (x,, x,, x;)". Equation (8.22)
can be expressed in matrix form as in equation (8.14), where =
(—0.574,0.183,0.456)" and B is the matrix

 [-0676 -0339 059
B=|-0339  0.563 0.117 |. (8.23)
0592  0.117 —0273
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The coordinates of the stationary point x,, of y(x) satisfy the equation

90
&—y = —0.574 +2(—0.676x, — 0.339x, + 0.592x;) =0
X1
ay
s =0.183 +2(—0.339x, + 0.563x, + 0.117x;) =0
X
ay
P =0.456 +2(0.592x, + 0.117x, — 0.273x5) =0
X3

which can be expressed as
B +2Bx, =0. (8.24)

Hence,

A

Xy = —% '8 =(-0.394,—-0.364,— 0.175)".

The eigenvalues of B are 7, = 0.6508, 7, = 0.1298, 7, = —1.1678. The matrix
B is therefore neither positive definite nor negative definite, that is, x, is a
saddle point (see Corollary 7.7.1). This point falls inside the experimental
region R, which, in the space of the coded variables x,, x,, x5, is a sphere
centered at the origin of radius V3.

Let us now apply the method of ridge analysis to maximize y inside the
region R. For this purpose we choose values of A [the Lagrange multiplier in
equation (8.16)] larger than 7, = 0.6508, the largest eigenvalue of B. For each
such value of A, equation (8.17) has a solution for x that represents a point of
absolute maximum of $(x) on a sphere of radius r = (x'x)'/? inside R. The
results are displayed in Table 8.2. We note that at the point
(—0.558,1.640,0.087), which is located near the periphery of the region R,
the maximum value of j is 13.021. By expressing the coordinates of this point
in terms of the actual values of the three fertilizers we obtain X, =2.733
Ib/plot, X,=2.944 1b/plot, and X, =2.513 Ib/plot. We conclude that a
combination of nitrogen, phosphoric acid, and potash fertilizers at the rates

Table 8.2. Ridge Analysis Values

A 1.906 1.166 0.979 0.889 0.840 0.808 0.784 0.770 0.754 0.745 0.740
x; | —0.106 -0.170 -0.221 -0.269 -0316 —0362 -—0.408 —0453 —0499 -—0.544 —0.558
X5 0.102 0.269 0.438 0.605 0.771 0.935 1.099 1.263 1.426 1.589 1.640
X3 0.081 0.110 0.118 0.120 0.117 0.113 0.108 0.102 0.096 0.089 0.087
r 0.168 0.337 0.505 0.673 0.841 1.009 1.177 1.346 1514 1.682 1.734
y 10.575  10.693  10.841 11.024 11.243  11.499 11.790 12.119 12484 12886 13.021
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of 2.733, 2.944, and 2.513 lb/plot, respectively, results in an estimated
maximum yield of snap beans of 13.021 1b/plot.

8.3.3. Modified Ridge Analysis

Optimization of $(x) on a hypersphere S by the method of ridge analysis is
justified provided that the prediction variance on S is relatively small.
Furthermore, it is desirable that this variance remain constant on S. If not,
then it is possible to obtain poor estimates of the optimum response,
especially when the dispersion in the prediction variances on § is large. Thus
the reliability of ridge analysis as an optimum-seeking procedure depends
very much on controlling the size and variability of the prediction variance. If
the design is rotatable, then the prediction variance, Var[ $(x)], is constant on
S. It is then easy to attain small prediction variances by restricting the
procedure to hyperspheres of small radii. However, if the design is not
rotatable, then Var[y(x)] may vary widely on S, which, as was mentioned
earlier, can adversely affect the quality of estimation of the optimum re-
sponse. This suggests that the prediction variance should be given serious
consideration in the strategy of ridge analysis if the design used is not
rotatable.

Khuri and Myers (1979) proposed a certain modification to the method of
ridge analysis: one that optimizes $(x) subject to a particular constraint on
the prediction variance. The following is a description of their proposed
modification:

Consider model (8.12), which can be written as

y(x) =f(x)y +e, (8.25)

where
f(x) = (1,xl,xz,...,xk,xlxz,x1x3,...,xk,1xk,x12,x§,...,xz)’,
Y= ( Bos Bi> Bas-- s B> Bizs Biss -5 Bet1 k> Biis Bazs oo o5 Bkk),'
The predicted response is given by
yx) =f'(x)7, (8.26)

where 4 is the least-squares estimator of <y, namely,

¥=(X'X) XYy, (8.27)

where X = [f(x,),f(x,),...,f(x,)]' with x; being the vector of design settings
at the ith experimental run (i =1,2,...,n, where n is the number of runs
used in the experiment), and y is the corresponding vector of n observations.
Since

Var() = (X'X) o2, (8.28)
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where o? is the error variance, then from equation (8.26), the prediction

variance is of the form
Var[ §(x)] = o2 (x)(X'X) " 'f(x). (8.29)

The number of unknown parameters in model (8.25) is p = (k + 1)(k + 2)/2,
where k is the number of input variables. Let v, v,,..., v, denote the
eigenvalues of X'X. Then from equation (8.29) and Theorem 2.3.16 we have

a ' (x)f(x) < Var|

201
A ot (x)f(x)
Y] < ————,
Vmax Vmin
where v, and v, are, respectively, the smallest and largest of the w,’s.

This double inequality shows that the prediction variance can be inflated if
X'X has small eigenvalues. This occurs when the columns of X are multi-
collinear (see, for example, Myers, 1990, pages 125-126 and Chapter 8).
Now, by the spectral decomposition theorem (Theorem 2.3.10), X'X = VAV',
where V is an orthogonal matrix of orthonormal eigenvectors of X'X and
A = Diag(v, v,,..., ,) is a diagonal matrix of eigenvalues of X'X. Equation
(8.29) can then be written as

P .
Var[ §(x)] = o? Z — (8.30)

where v; is the jth column of V (j=1,2,..., p). If we denote the elements of
Vi DY 005 U1jsees Ujs Utajs Utsjs s Ug—1 k j» Vi1 o Unajs + - - Uggj» then £'(xX)v; can
be expressed as

t'(x)v; = vp; +x'7; + x'T}x, ji=12,...,p, (8.31)

j— !
where 7; = (vy;,0,,...,0;;)" and

1 1 1
U1y 2Un; 22U 2V1k;j
1 1
Upj  2V3j 22k
Tj = 5 J= 1,2, > D
1
2Uk-1kj
symmetric Uk

We note that the form of f'(x)v;, as given by formula (8.31), is identical to
that of a second-order model. Formula (8.30) can then be written as

(vg; +x'7; + X’T]-x)2

Var[§(x)] =o? )

j=1 Y

(8.32)
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As was noted earlier, small values of »; (j=1,2,..., p) cause y(x) to have
large variances.

To reduce the size of the prediction variance within the region explored by
ridge analysis, we can consider putting constraints on the portion of Var[ j(x)]
that corresponds to »_. . It makes sense to optimize $(x) subject to the
constraints

x'x =r?, (8.33)

g +X'7, +X'T,x| <q, (8.34)

where v,,, 7,,, and T,, are the values of v, 7, and T that correspond to v,,.
Here, g is a positive constant chosen small enough to offset the small value
of v,;,. Khuri and Myers (1979) suggested that g be equal to the largest
value taken by |v,,, +x'7,, + x'T, x| at the n design points. The rationale
behind this rule of thumb is that the prediction variance is smaller at the
design points than at other points in the experimental region.

The modification suggested by Khuri and Myers (1979) amounts to adding
the constraint (8.34) to the usual procedure of ridge analysis. In this way,
some control can be maintained on the size of prediction variance during the
optimization process. The mathematical algorithm needed for this con-
strained optimization is based on a technique introduced by Myers and
Carter (1973) for a dual response system in which a primary second-order
response function is optimized subject to the condition that a constrained
second-order response function takes on some specified or desirable values.
Here, the primary response is j(x) and the constrained response is v,,, +
x't, +x'T, x.

Myers and Carter’s (1973) procedure is based on the method of Lagrange
multipliers, which uses the function

L :BA0+X’I§+X,]§X_M(UOm +X,Tm +X,me—w) _/\(X’X—rz)a

where éo, B, and B are the same as in model (8.14), x and A are Lagrange
multipliers, w is such that |w| < g [see inequality (8.34)], and r is the radius
of a hypersphere centered at the origin and contained inside a region of
interest R. By differentiating L with respect to x,, x,,..., x;, and equating
the derivatives to zero, we obtain

(ﬁ—/.LTm—)\Ik)X=%(/.LTm—ﬁ). (8.35)

As in the method of ridge analysis, to solve equation (8.35), values of u and
A are chosen directly in such a way that the solution represents a point of
maximum (or minimum) for $(x). Thus for a given value of u, the matrix of
second-order partial derivatives of L, namely 2(B — uT, — AL,), is made
negative definite [and hence a maximum of y(x) is achieved] by selecting A
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larger than the largest eigenvalue of B - wnT, . Values of A smaller than the
smallest eigenvalue of B — uT,, should be considered in order for y(x) to
attain a minimum. It follows that for such an assignment of values for u and
A, the corresponding solution of equation (8.35) produces an optimum for y
subject to a fixed r = (x'x)'/? and a fixed value of vy, + x'7,, + x'T, x.

ExXAMPLE 8.3.2. An attempt was made to design an experiment from
which one could find conditions on concentration of three basic substances
that maximize a certain mechanical modular property of a solid propellant.
The initial intent was to construct and use a central composite design (see
Khuri and Cornell, 1996, Section 4.5.3) for the three components in the
system. However, certain experimental difficulties prohibited the use of the
design as planned, and the design used led to problems with multicollinearity
as far as the fitting of the second-order model is concerned. The design
settings and corresponding response values are given in Table 8.3.

In this example, the smallest eigenvalue of X'X is ., = 0.0321. Corre-
spondingly, the values of v, 7,, and T,, in inequality (8.34) are v, =
—0.2935, 7,, = (0.0469, 0.4081, 0.4071)’, and

0.1129 0.0095 0.2709
T,=10.0095 -—0.1382 —0.0148|.
0.2709 —0.0148 0.6453

As for ¢ in inequality (8.34), values of |v,,, + x'7,, + x'T,,x| were computed
at each of the 15 design points in Table 8.3. The largest value was found to

Table 8.3. Design Settings and Response Values for Example 8.3.2

X1 X2 X3 y
—1.020 —1.402 —0.998 13.5977
0.900 0.478 —0.818 12.7838
0.870 —1.282 0.882 16.2780
—0.950 0.458 0.972 14.1678
—0.930 —1.242 —0.868 9.2461
0.750 0.498 —0.618 17.0167
0.830 —-1.092 0.732 13.4253
—0.950 0.378 0.832 16.0967
1.950 —0.462 0.002 14.5438
—2.150 —0.402 —0.038 20.9534
—0.550 0.058 —0.518 11.0411
—0.450 1.378 0.182 21.2088
0.150 1.208 0.082 25.5514
0.100 1.768 —0.008 33.3793
1.450 —0.342 0.182 15.4341

Source: Khuri and Myers (1979). Reproduced with permission of the Ameri-

can Statistical Association.
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Table 8.4. Results of Modified Ridge Analysis

r 0.848 1.162 1.530 1.623 1.795 1.850 1.904 1.935  2.000
| ol 0.006 0.074 0.136 1.139 0.048 0.086 0.126 0.146  0.165
Var y(®)]/c?| 1.170 1.635 2.922 3.147 1305 2330 3.510 4.177 5.336
X 0.410 0563 0.773 0.785 0405 0.601 0.750 0.820  0.965
X, 0.737 1.015 1320 1422 1.752 1751 1750 1.752 1.752
X3 0.097 0.063 0.019 0.011 0.000 0.000 0.012 0.015 —0.030
P(x) 22.420 27.780 35.242 37.190 37.042 40.222 42.830 44.110 46.260

Source: Khuri and Myers (1979). Reproduced with permission of the American Statistical
Association.

Table 8.5. Results of Standard Ridge Analysis

r 0.140 0379 0.698 0938 1.146 1.394 1.484 1.744 1.944 1.975 2.000
|l 0.241  0.124 0.104 0.337 0.587 0942 1.085 1.553 1.958  2.025 2.080
@2/ Vin 1.804 0477 0337 3.543 10.718 27.631 36.641 75.163 119.371 127.815 134.735
Var[§(®)]/o 2| 2.592 1554 2.104 6.138 14.305 32.787 42475 8338 129.834 138.668 145.907
X 0.037 0.152 0352 0.515 0.660 0.835 0.899 1.085 1.227 1.249 1.265
X5 0.103 0.255 0422 0531 0.618 0.716 0.749 0.845 0916 0927  0.936
X3 0.087 0235 0431 0577 0.705 0.858 0912 1.074 1.197 1.217 1.232
yx) 12.796 16.021 21.365 26.229 31.086 37.640 40.197 48332 55.147 56.272 57.176

Source: Khuri and Myers (1979). Reproduced with permission of the American Statistical
Association.

be 0.087. Hence, the value of |v,,, + x'7,, + x'T,,x| should not grow much
larger than 0.09 in the experimental region. Furthermore, r in equation
(8.33) must not exceed the value 2, since most of the design points are
contained inside a sphere of radius 2. The results of maximizing j(x) subject
to this dual constraint are given in Table 8.4. For the sake of comparison, the
results of applying the standard procedure of ridge analysis (that is, without
the additional constraint concerning v, + x'7,, +x'T,,x) are displayed in
Table 8.5.

It is clear from Tables 8.4 and 8.5 that the extra constraint concerning
Uom +x'7,, +x'T,,x has profoundly improved the precision of y at the esti-
mated maxima. At a specified radius, the value of § obtained under standard
ridge analysis is higher than the one obtained under modified ridge analysis.
However, the prediction variance values under the latter procedure are much
smaller, as can be seen from comparing Tables 8.4 and 8.5. While the
tradeoff that exists between a high response value and a small prediction
variance is a bit difficult to cope with from a decision making standpoint,
there is a clear superiority of the results displayed in Table 8.4. For example,
one would hardly choose any operating conditions in Table 8.5 that indicate
y =50, due to the accompanying large prediction variances. On the other
hand, Table 8.4 reveals that at radius r = 2.000, § = 46.26 with Var[$(x)]/c >
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=5.336, while a rival set of coordinates at r=1.744 for standard ridge
analysis gives § = 48.332 with Var[$(x)] /o2 = 83.38.

Row 3 of Table 8.5 gives values of w?/v,,, which should be compared
with the corresponding values in row 4 of the same table. One can easily see
that in this example, w?/v,;, accounts for a large portion of Var] $(x)]/c 2.

in

8.4. RESPONSE SURFACE DESIGNS

We recall from Section 8.3 that one of the objectives of response surface
methodology is the selection of a response surface design according to a
certain optimality criterion. The design selection entails the specification of
the settings of a group of input variables that can be used as experimental
runs in a given experiment.

The proper choice of a response surface design can have a profound effect
on the success of a response surface exploration. To see this, let us suppose
that the fitted model is linear of the form

y=XpB +e€, (8.30)

where y is an n X 1 vector of observations, X is an n X p known matrix that
depends on the design settings, B is a vector of p unknown parameters, and
€ is a vector of random errors in the elements of y. Typically, € is assumed to
have the normal distribution N(0, (ern), where o? is unlfnown. In this case,
the vector B is estimated by the least-squares estimator (3, which is given by

B=(X'X) 'XYy. (8.37)

If x,,x,,...,x, are the input variables for the model under consideration,
then the predicted response at a point x = (x, x,,...,x;)" in a region of
interest R is written as

F(x) =f'(x)B, (8.38)

where f(x) is a p X 1 vector whose first element is equal to one and whose
remaining p — 1 elements are functions of x,, x,,..., x,. These functions are
in the form of powers and cross products of powers of the x,’s up to degree d.
In this case, the model is said to be of order d. At the uth experimental run,
x, = (x4, X,1,...,%,) and the corresponding response value is y,(u=
1,2,...,n). Then n X k matrix D = [x;: x,: -+ :x,]’ is the design matrix. Thus
by a choice of design we mean the specification of the elements of D.

If model (8.36) is correct, then ﬁ is an unbiased estimator of B and its
variance—covariance matrix is given by

Var(f) = (X'X) o2 (8.39)
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Hence, from formula (8.38), the prediction variance can be written as
Var[ §(x)] = o 2f'(x)(X'X) " '(x). (8.40)

The design D is rotatable if Var[ $(x)] remains constant at all points that are
equidistant from the design center, as we may recall from Section 8.3. The
input variables are coded so that the center of the design coincides with the
origin of the coordinates system (see Khuri and Cornell, 1996, Section 2.8).

8.4.1. First-Order Designs

If model (8.36) is of the first order (that is, d = 1), then the matrix X is of the
form X =[1,: D], where 1, is a vector of ones of order n X 1 [see model
(8.8)]. The input variables can be coded in such a way that the sum of the
elements in each column of D is equal to zero. Consequently, the prediction
variance in formula (8.40) can be written as

Var[§(x)] =o?

% + x’(D’D)_lx}. (8.41)

Formula (8.41) clearly shows the dependence of the prediction variance on
the design matrix.

A reasonable criterion for the choice of D is the minimization of Var p(x)],
or equivalently, the minimization of x'(D'D) 'x within the region R. To
accomplish this we first note that for any x in the region R,

x'(D'D) 'x <[Ix[3I(D'D) 'l2, (8.42)

where [|x|l, = (x'x)/? and [(D'D)"!|, = [Zf»‘zlEj-‘zl(cl"/)z]l/2 is the Euclidean
norm of (D'D)~! with d” being its (i, j)th element (i,j=1,2,...,k). In-
equality (8.42) follows from applying Theorems 2.3.16 and 2.3.20. Thus by
choosing the design D so that it minimizes [(D'D)"'|l,, the quantity
x'(D'D)"'x, and hence the prediction variance, can be reduced throughout
the region R.

Theorem 8.4.1. For a given number n of experimental runs, [[(D'D)"!||,
attains its minimum if the columns d,,d,,...,d, of D are such that d;d; =0,
i #j, and d’d; is as large as possible inside the region R.

Proof. We have that D=[d,:d,: --- :d,]. The elements of d, are the n
design settings of the input variable x; (i=1,2,...,k). Suppose that the
region R places the following restrictions on these settings:

dd;<c?, i=1,2,...,k, (8.43)

[
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where c¢; is some fixed constant. This means that the spread of the design in
the direction of the ith coordinate axis is bounded by ¢} (i =1,2,..., k).
a

Now, if d;; denotes the ith diagonal element of D'D, then d;, =d’d,
(i=1,2,..., k). Furthermore,

S|
d'z -, i=12...k, (8.44)

122

where d' is the ith diagonal element of (D'D)"!.

To prove inequality (8.44), let D; be a matrix of order n X (k — 1) obtained
from D by removing its ith column d; (i = 1,2,..., k). The cofactor of d;; in
D’'D is then det(D;D,). Hence, from Section 2.3.3,

; det(D;D;)

— T 12, k. 8.45
det(DD) | v (8.45)

There exists an orthogonal matrix E; of order k X k (whose determinant has
an absolute value of one) such that the first column of DE, is d; and the
remaining columns are the same as those of D,, that is,

DE,=[d;:D,], i=1,2,...,k.
It follows that [see property 7 in Section 2.3.3]
det(D'D) = det(E;D'DE,)

= det(D;D;) [d’idi —d;D,(D;D;) _ID;di] .
Hence, from (8.45) we obtain
.. _ -1
d'=[d,—d;D(D;D,)"'Did,] ., i=12...k  (846)

Inequality (8.44) now follows from formula (8.46), since d;D,(D;D,)”'D/d, > 0.
We can therefore write
112
1 di } '

-

k , 1/2
oy x| £ | =]
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Using the restrictions (8.43) we then have

ko1 1/2
oy = £ |

i=1~i

Equality is achieved if the columns of D are orthogonal to one another and
d,;=c?(i=1,2,...,k). This follows from the fact that d" =1/d,; if and only
ifdD,=0(=1,2,...,k), as can be seen from formula (8.46).

Definition 8.4.1. A design for fitting a fist-order model is said to be
orthogonal if its columns are orthogonal to one another. O

Corollary 8.4.1. For a given number n of experimental runs, Var( B)
attains a minimum if and only if the design is orthogonal, where B; is the
least-squares estimator of B; in model (8.8), i =1,2,..., k.

Proof. This follows directly from Theorem 8.4.1 and the fact that Var( ,él-)
=o?d"(i=1,2,...,k), as can be seen from formula (8.39). O

From Theorem 8.4.1 and Corollary 8.4.1 we conclude that an orthogonal
design for fitting a first-order model has optimal variance properties. An-
other advantage of orthogonal first-order designs is that the effects of the k
input variables in model (8.8), as measured by the values of the Bs (i =
1,2,...,k), can be estimated independently. This is because the off-diagonal
elements of the variance—covariance matrix of B in formula (8.39) are zero.
This means that the elements of B are uncorrelated and hence statistically
independent under the assumption of normality of the random error vector €
in model (8.36).

Examples of first-order orthogonal designs are given in Khuri and Cornell
(1996, Chapter 3). Prominent among these designs are the 2 factorial design
(each input variable has two levels, and the number of all possible combina-
tions of these levels is 2¥) and the Plackett—Burman design, which was
introduced in Plackett and Burman (1946). In the latter design, the number
of design points is equal to k£ + 1, which must be a multiple of 4.

8.4.2. Second-Order Designs

These designs are used to fit second-order models of the form given by (8.12).
Since the number of parameters in this model is p =(k+ 1)(k +2)/2, the
number of experimental runs (or design points) in a second-order design
must at least be equal to p. The most frequently used second-order designs
include the 3* design (each input variable has three levels, and the number of
all possible combinations of these levels is 3%), the central composite design
(CCD), and the Box—Behnken design.
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The CCD was introduced by Box and Wilson (1951). It is made up of a
factorial portion consisting of a 2* factorial design, an axial portion of k
pairs of points with the ith pair consisting of two symmetric points on the ith
coordinate axis (i=1,2,...,k) at a distance of a (>0) from the design
center (which coincides with the center of the coordinates system by the
coding scheme), and n, (> 1) center-point runs. The values of a and n, can
be chosen so that the CCD acquires certain desirable features (see, for
example, Khuri and Cornell, 1996, Section 4.5.3). In particular, if a=F*,
where F denotes the number of points in the factorial portion, then the CCD
is rotatable. The choice of n, can affect the stability of the prediction
variance.

The Box-Behnken design, introduced in Box and Behnken (1960), is a
subset of a 3% factorial design and, in general, requires many fewer points. It
also compares favorably with the CCD. A thorough description of this design
is given in Box and Draper (1987, Section 15.4).

Other examples of second-order designs are given in Khuri and Cornell
(1996, Chapter 4).

8.4.3. Variance and Bias Design Criteria

We have seen that the minimization of the prediction variance represents an
important criterion for the selection of a response surface design. This
criterion, however, presumes that the fitted model is correct. There are many
situations in which bias in the predicted response can occur due to fitting the
wrong model. We refer to this as model bias.

Box and Draper (1959, 1963) presented convincing arguments in favor of
recognizing bias as an important design criterion—in certain cases, even
more important than the variance criterion.

Consider again model (8.36). The response value at a point x =
(x4, %,,...,x,) in a region R is represented as

y(x)=f'(x)B +e, (8.47)

where f'(x) is the same as in model (8.38). While it is hoped that model (8.47)
is correct, there is always a fear that the true model is different. Let us
therefore suppose that in reality the true mean response at x, denoted by
n(x), is given by

n(x) =f'(x)B +¢'(x)d (8.48)

where the elements of g'(x) depend on x and consist of powers and cross
products of powers of x,, x,,..., x, of degree d’ > d, with d being the order
of model (8.47), and & is a vector of g unknown parameters. For a given
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design D of n experimental runs, we then have the model
n=Xp +7Zs,

where m is the vector of true means (or expected values) of the elements of y
at the n design points, X is the same as in model (8.36), and Z is a matrix of
order n X g whose uth row is equal to g'(x,). Here, x, denotes the uth row
of D(u=1,2,...,n).

At each point x in R, the mean squared error (MSE) of $(x), where $(x) is
the predicted response as given by formula (8.38), is defined as

MSE[§(x)] = E[$(x) = n(x)]"
This can be expressed as
MSE[ §(x)] = Var[ §(x)] + Bias*[ §(x)], (8.49)
where Bias[ j(x) = E[ §(x)] — n(x). The fundamental philosophy of Box and
Draper (1959,1963) is centered around the consideration of the integrated

mean squared error (IMSE) of §(x). This is denoted by J and is defined in
terms of a k-tuple Riemann integral over the region R, namely,

nQ
J= ?LMSE[)?(X)] dx, (8.50)

where Q7!=[,dx and o? is the error variance. The partitioning of
MSE[ $(x)] as in formula (8.49) enables us to separate J into two parts:

nQ) nQ)
J=— [Var[§(x)] dx + — [ Bias’[§(x)] dx =V +B. (8.51)
0" “R o” 'R

The quantities ' and B are called the average variance and average squared
bias of j(x), respectively. Both IV and B depend on the design D. Thus a
reasonable choice of design is one that minimizes (1) V" alone, (2) B alone, or
(3) J=V+B.

Now, using formula (8.40), V' can be written as

V=anRf’(x)(X’X)_1f(x) dx

= tr{n(X’X)l[QfRf(x)f’(x) dx]}

= [ n(X'X)"'T, ] (8.52)
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where
T, = Q[ f()f(x) dx.
R
As for B, we note from formula (8.37) that

E(B) = (X'X) 'X'q
= B +AS,

where A = (X’X)"!X'Z. Thus from formula (8.38) we have
E[5(x)] =t'(x)(B + A3).

Using the expression for n(x) in formula (8.48), B can be written as
nQ , 5
B=— [[f'(0B+1(x)As - f'(x)B —g'(x)8]" dx
o R
n{)
= — [[F'(0A8 —g'(x)8] dx
0'2 R

n)
= o7 [ AT — g ][I (A - g (0] dx

n{}
= 7 [ S IATN (A — 2O (A — AT(x)g'(x) +2(0)g'()]3 dx

n
= —58'Ab, (8.53)

where

A=AT A-T,A—AT,+T,,,

Iy =0 f 1(x)g(x) dx,

Iy =0 f g(x)g'(x) dx.

The matrices I'y;, I';,, and I',, are called region moments. By adding and
subtracting the matrix I'j,I';;'T,, from A in formula (8.53), B can be
expressed as

n
B= F8'[(F22 —T,T'T,) + (A-T'Ty,) Ty (A-T1'T,) 8. (8.54)



362 OPTIMIZATION IN STATISTICS

We note that the design D affects only the second expression inside brackets
on the right-hand side of formula (8.54). Thus to minimize B, the design D
should be chosen such that

A-T;'T,=0. (8.55)

Since A=(X'X)"'X'Z, a sufficient (but not necessary) condition for the
minimization of B is

M, =T, My, =T,, (8-56)

where M; = (1/n)X'X, M, =(1/n)X'Z are the so-called design moments.
Thus a sufficient condition for the minimization of B is the equality of the
design moments, M, and M,,, to the corresponding region moments, I'}
and I';;.

The minimization of J =V + B is not possible without the specification of
8/0. Box and Draper (1959,1963) showed that unless V' is considerably
larger than B, the optimal design that minimizes J has characteristics similar
to those of a design that minimizes just B.

Examples of designs that minimize V" alone or B alone can be found in
Box and Draper (1987, Chapter 13), Khuri and Cornell (1996, Chapter 6),
and Myers (1976, Chapter 9).

8.5. ALPHABETIC OPTIMALITY OF DESIGNS

Let us again consider model (8.47), which we now assume to be correct, that
is, the true mean response, n(x), is equal to f'(x)B. In this case, the matrix
X'X plays an important role in the determination of an optimal design, since
the elements of (X'X) ™! are proportional to the variances and covariances of
the least-squares estimators of the model’s parameters [see formula (8.39)].
The mathematical theory of optimal designs, which was developed by
Kiefer (1958,1959,1960,1961,1962a,b), is concerned with the choice of de-
signs that minimize certain functions of the elements of (X'X)~!. The kernel
of Kiefer’s approach is based on the concept of design measure, which
represents a generalization of the traditional design concept. So far, each of
the designs that we have considered for fitting a response surface model has
consisted of a set of n points in a k-dimensional space (k > 1). Suppose that
X;,X,,...,X,, are distinct points of an n-point design (m <n) with the Ith
(I=1,2,...,m) point being replicated n, (= 1) times (that is, n, repeated
observations are taken at this point). The design can therefore be regarded as
a collection of points in a region of interest R with the /th point being
assigned the weight n,/n (I=1,2,...,m), where n = X" n,. Kiefer general-
ized this setup using the so-called continuous design measure, which is
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basically a probability measure £(x) defined on R and satisfies the conditions
£(x) >0 forallxeR and fdf(x) =1.
R

In particular, the measure induced by a traditional design D with » points is
called a discrete design measure and is denoted by §,. It should be noted that
while a discrete design measure is realizable in practice, the same is not true
of a general continuous design measure. For this reason, the former design is
called exact and the latter design is called approximate.

By definition, the moment matrix of a design measure & is a symmetric
matrix of the form M(¢) = [m,(£)], where

my(€) = [ (0 ,(x) dEx). (857)

Here, f,(x) is the ith element of f(x) in formula (8.47), i =1,2,..., p. For a
discrete design measure ¢&,, the (i, j)th element of the moment matrix is

1 m
mij( &)= n [;1 nlfi(xl)fj(xl)7 (8.58)

where m is the number of distinct design points and #n,; is the number of
replications at the /th point (/ =1,2,...,m). In this special case, the matrix
M( &) reduces to the usual moment matrix (1/7)X’'X, where X is the same
matrix as in formula (8.36).

For a general design measure &, the standardized prediction variance,
denoted by d(x, ¢), is defined as

d(x, €) =" (x)[M(£)] 'f(x), (8.59)

where M(¢) is assumed to be nonsingular. In particular, for a discrete design
measure ¢,, the prediction variance in formula (8.40) is equal to
(o?/n)d(x, &).

Let H denote the class of all design measures defined on the region R.
A prominent design criterion that has received a great deal of attention is
that of D-optimality, in which the determinant of M( ¢) is maximized. Thus a
design measure ¢, is D-optimal if

det[M(¢,))] = zug det[M( ¢)]. (8.60)

The rationale behind this criterion has to do with the minimization of the
generalized variance of the least-squares estimator B of the parameter vector
B. By definition, the generalized variance of B is the same as the determi-
nant of the variance—covariance matrix of B. This is based on the fact that
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under the normality assumption, the content (volume) of a fixed-level confi-
dence region on B is proportional to [det(X'X)]"!/2. The review articles by
St. John and Draper (1975), Ash and Hedayat (1978), and Atkinson
(1982, 1988) contain many references on D-optimality.

Another design criterion that is closely related to D-optimality is G-
optimality, which is concerned with the prediction variance. By definition, a
design measure ¢, is G-optimal if it minimizes over H the maximum
standardized prediction variance over the region R, that is,

supd(x, &) = inf { sup d(x, {)} (8.61)
XER €H ‘yxeR

Kiefer and Wolfowitz (1960) showed that D-optimality and G-optimality, as

defined by formulas (8.60) and (8.61), are equivalent. Furthermore, a design

measure £* is G-optimal (or D-optimal) if and only if

supd(x, £*) =p, (8.62)
XER
where p is the number of parameters in the model. Formula (8.62) can be
conveniently used to determine if a given design measure is D-optimal, since
in general sup, c z d(x, £) > p for any design measure &< H. If equality can
be achieved by a design measure, then it must be G-optimal, and hence
D-optimal.

ExampLE 8.5.1. Consider fitting a second-order model in one input
variable x over the region R =[—1,1]. In this case, model (8.47) takes the
form y(x) = B, + B,x + B, x> + ¢, that is, f'(x) = (1, x, x?). Suppose that the
design measure used is defined as

x=—-1,0,1,

8.63
otherwise. ( )

1
— 3>
€(x)=1,

Thus ¢ is a discrete design measure that assigns one-third of the experimen-
tal runs to each of the points —1, 0, and 1. This design measure is
D-optimal. To verify this claim, we first need to determine the values of the
elements of the moment matrix M(&). Using formula (8.58) with n,/n =1
for [=1,2,3, we find that m,, =1, m;, =0, m; =%, m,, = 3, m,; =0, and
m,; = 2. Hence,

wn O

M(¢) =

Wi O =

win O Wi

o

M™(¢) =

O vw O

vle o
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By applying formula (8.59) we find that d(x, £€) =3 — 2x?>+ 3x*,— 1 <x < 1.
We note that d(x,é)<3 for all x in [—1,1] with d(0, &) =23. Thus
sup, < g d(x, €)= 3. Since 3 is the number of parameters in the model, then
by condition (8.62) we conclude that the design measure defined by formula
(8.63) is D-optimal.

In addition to the D- and G-optimality criteria, other variance-related
design criteria have also been investigated. These include A- and E-optimal-
ity. By definition, a design measure is A-optimal if it maximizes the trace of
M(¢). This is equivalent to minimizing the sum of the variances of the
least-squares estimators of the fitted model’s parameters. In E-optimality,
the smallest eigenvalue of M(¢) is maximized. The rationale behind this
criterion is based on the fact that

d(x,é)sf’(i)ﬁ,

min

as can be seen from formula (8.59), where A, is the smallest eigenvalue of
M(§). Hence, d(x, ¢) can be reduced by maximizing A, .

The efficiency of a design measure (€ H with respect to a D-optimal
design is defined as

1/p

det[M(¢)]
sup det[M(&)] [~

D-efficiency =

where p is the number of parameters in the model. Similarly, the G-
efficiency of ¢ is defined as

p

G-efficiency sup. o d(x.2)"
Both D- and G-efficiency values fall within the interval [0,1]. The closer
these values are to 1, the more efficient their corresponding designs are.
Lucas (1976) compared several second-order designs (such as central compos-
ite and Box—Behnken designs) on the basis of their D- and G-efficiency
values.

The equivalence theorem of Kiefer and Wolfowitz (1960) can be applied
to construct a D-optimal design using a sequential procedure. This proce-
dure is described in Wynn (1970, 1972) and goes as follows: Let D, denote an
initial response surface design with n, points, X;,X,,...,x, , for which the
matrix X'X is nonsingular. A point x,, . is found in the region R such that

d(XnU+1 ’ gnu) = Sup d(X, gn0)7

XER
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where ¢, is the discrete design measure that represents D, . By augmenting
D, with x, ., we obtain the design D, .. Then, another point x,, ,, is
chosen such that

d(xn0+2’ gn(]Jrl) = Sup d(X> §n0+1)’

XxER

where ¢, ., is the discrete design measure that represents D, ;. The point
X,,+2 is then added to D, ., to obtain the design D, .,. By continuing this
process we obtain a sequence of discrete design measures, namely,
&1y €y 15 &nys2s - -+ - Wynn (1970) showed that this sequence converges to the
D-optimal design &,, that is,

det[M(¢&,,.,)] - det[M(&,)]

as n — . An example is given in Wynn (1970, Section 5) to illustrate this
sequential procedure.

The four design criteria, A-, D-, E-, and G-optimality, are referred to as
alphabetic optimality. More detailed information about these criteria can be
found in Atkinson (1982,1988), Fedorov (1972), Pazman (1986), and Silvey
(1980). Recall that to perform an actual experiment, one must use a discrete
design. It is possible to find a discrete design measure &, that approximates
an optimal design measure. The approximation is good whenever n is large
with respect to p (the number of parameters in the model).

Note that the equivalence theorem of Kiefer and Wolfowitz (1960) applies
to general design measures and not necessarily to discrete design measures,
that is, D- and G-optimality criteria are not equivalent for the class of
discrete design measures. Optimal n-point discrete designs, however, can still
be found on the basis of maximizing the determinant of X'X, for example. In
this case, finding an optimal n-point design requires a search involving nk
variables, where k is the number of input variables. Several algorithms have
been introduced for this purpose. For example, the DETMAX algorithm by
Mitchell (1974) is used to maximize det(X'X). A review of algorithms for
constructing optimal discrete designs can be found in Cook and Nachtsheim
(1980) (see also Johnson and Nachtsheim, 1983).

One important criticism of the alphabetic optimality approach is that it is
set within a rigid framework governed by a set of assumptions. For example,
a specific model for the response function must be assumed as the “true”
model. Optimal design measures can be quite sensitive to this assumption.
Box (1982) presented a critique to this approach. He argued that in a
response surface situation, it may not be realistic to assume that a model
such as (8.47) represents the true response function exactly. Some protection
against bias in the model should therefore be considered when choosing a
response surface design. On the other hand, Kiefer (1975) criticized certain
aspects of the preoccupation with bias, pointing out examples in which the
variance criterion is compromised for the sake of the bias criterion. It follows
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that design selection should be guided by more than one single criterion (see
Kiefer, 1975, page 286; Box, 1982, Section 7). A reasonable approach is to
select compromise designs that are sufficiently good (but not necessarily
optimal) from the viewpoint of several criteria that are important to the user.

8.6. DESIGNS FOR NONLINEAR MODELS

The models we have considered so far in the area of response surface
methodology were linear in the parameters; hence the term linear models.
There are, however, many experimental situations in which linear models do
not adequately represent the true mean response. For example, the growth
of an organism is more appropriately depicted by a nonlinear model. By
definition, a nonlinear model is one of the form

y(x) =h(x,0) + €, (8.64)

where x = (x,, x,..., x;)" is a vector of k input variables, ® = (6,, 0,,...,6,)’
is a vector of p unknown parameters, € is a random error, and A(x,0) is a
known function, nonlinear in at least one element of 6. An example of a
nonlinear model is

0,x

h(x,0)= PR
2

Here, 6 =(6,, 6,)" and 0, is a nonlinear parameter. This particular model is
known as the Michaelis—Menten model for enzyme kinetics. It relates the
initial velocity of an enzymatic reaction to the substrate concentration x.

In contrast to linear models, nonlinear models have not received a great
deal of attention in response surface methodology, especially in the design
area. The main design criterion for nonlinear models is the D-optimality
criterion, which actually applies to a linearized form of the nonlinear model.
More specifically, this criterion depends on the assumption that in some
neighborhood of a specified value 0, of 0, the function A(x,0) is approxi-
mately linear in 0. In this case, a first-order Taylor’s expansion of A(x,0)
yields the following approximation of Ah(x, 0):

P dh(x,0,)
h(x.0) =h(x.00) + ¥ (6,~ 0y) — —
i=1 i

Thus if 0 is close enough to 0, then we have approximately the linear model

P h(x,90,
2= 3 g )

i=1 d0;

1

€, (8.65)

where z(x) =y(x) —h(x,0,), and ; is the ith element of =0 -0, (i =
1,2,...,p).
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For a given design consisting of n experimental runs, model (8.65) can be
written in vector form as

2=H(0,) b +e, (8.66)

where H(0,) is an n X p matrix whose (u, I)th element is dh(x,,0,)/d6; with
x, being the vector of design settings for the k input variables at the uth
experimental run (i=1,2,...,p; u=1,2,...,n). Using the linearized form
given by model (8.66), a design is chosen to maximize the determinant
det[H'(0,)H(0,)]. This is known as the Box—Lucas criterion (see Box and
Lucas, 1959).

It can be easily seen that a nonlinear design obtained on the basis of the
Box-Lucas criterion depends on the value of O,. This is an undesirable
characteristic of nonlinear models, since a design is supposed to be used for
estimating the unknown parameter vector 0. By contrast, designs for linear
models are not dependent on the fitted model’s parameters. Several proce-
dures have been proposed for dealing with the problem of design depen-
dence on the parameters of a nonlinear model. These procedures are
mentioned in the review article by Myers, Khuri, and Carter (1989). See also
Khuri and Cornell (1996, Section 10.5).

ExampLE 8.6.1. Let us again consider the Michaelis—Menten model
mentioned earlier. The partial derivatives of h(x, ) with respect to 6, and
0, are

dh(x,0) X
90,  0,+x’
dh(x,0) —0,x
96, (6, +x)"

Suppose that it is desired to find a two-point design that consists of the
settings x, and x, using the Box—Lucas criterion. In this case,

[ oh(x,,0,)  dh(x,0,)
9, 90,
MO =1 oh(xy,00)  oh(xs,00)
a0, 30,
[ —0x,
O T (603 +x,)
B X3 —0x,
00 +x (6 +x2)2
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where 0,, and 6,, are the elements of 0,. In this example, H(0,) is a square
matrix. Hence,

det[H'(8,)H(0,)] = {det[H(8,)])’

0120x12x§(x2—x1)2

= 7 A
(029 +x1) (0 +x,)

(8.67)

To determine the maximum of this determinant, let us first equate its partial
derivatives with respect to x; and x, to zero. It can be verified that the
solution of the resulting equations (that is, the stationary point) falls outside
the region of feasible values for x, and x, (both x;, and x, must be
nonnegative). Let us therefore restrict our search for the maximum within
the region R = {(x, x,)|0 <x, <x_,., 0 <x, <x_.}, where x_,, is the maxi-
mum allowable substrate concentration. Since the partial derivatives of the
determinant in formula (8.67) do not vanish in R, then its maximum must be
attained on the boundary of R. On x, =0, or x, =0, the value of the
determinant is zero. If x;, =x then

max ?
2,2 2
010xmaxx2(x2 _xmax)

(0 +xmax)4( 659 +x2)4 '

It can be verified that this function of x, has a maximum at the point

det[H'(0,)H(6,)] =

Xy = Oy X pnax/ (20, + .., ) With a value given by
2 .6
max {det[H'(0,)H(0,)} = 10 Fmax c. (8.68)
X1 =% max 1603 (059 + X pnay )
Similarly, if x, =x_,., then

2 .2 2 2
_ 010xmaxx1(xmax _xl)

2 7>
(00 +x1) (0 + Xy )

which attains the same maximum value as in formula (8.68) at the point
X, = 00X/ (260, + x,.). We conclude that the maximum of
det[H'(0,)H(0,)] over the region R is achieved when x, =x,_, and x,=
Or0 X max/ 2050 + X0 ), or when x; = 0,0x,.. /(20,0 +x,...) and x, =x . .

det[H'(0,)H(8,)]

max

We can clearly see in this example the dependence of the design settings
on 6,, but not on 6,. This is attributed to the fact that 6, appears linearly in
the model, but 6, does not. In this case, the model is said to be partially
nonlinear. Its D-optimal design depends only on those parameters that do
not appear linearly. More details concerning partially nonlinear models can
be found in Khuri and Cornell (1996, Section 10.5.3).
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8.7. MULTIRESPONSE OPTIMIZATION

By definition, a multiresponse experiment is one in which a number of
responses can be measured for each setting of a group of input variables. For
example, in a skim milk extrusion process, the responses, y, = percent
residual lactose and y, = percent ash, are known to depend on the input
variables, x, = pH level, x, = temperature, x; = concentration, and x, = time
(see Fichtali, Van De Voort, and Khuri, 1990).

As in single-response experiments, one of the objectives of a multire-
sponse experiment is the determination of conditions on the input variables
that optimize the predicted responses. The definition of an optimum in a
multiresponse situation, however, is more complex than in the single-
response case. The reason for this is that when two or more response
variables are considered simultaneously, the meaning of an optimum be-
comes unclear, since there is no unique way to order the values of a
multiresponse function. To overcome this difficulty, Khuri and Conlon (1981)
introduced a multiresponse optimization technique called the generalized
distance approach. The following is an outline of this approach:

Let r be the number of responses, and n be the number of experimental
runs for all the responses. Suppose that these responses can be represented
by the linear models

yi=XBi+€i’ i=1727"'7r7

where y; is a vector of observations on the ith response, X is a known matrix
of order n X p and rank p, B, is a vector of p unknown parameters, and €; is
a random error vector associated with the ith response (i =1,2,...,r). It is
assumed that the rows of the error matrix [e,: €,: ---: €,] are statistically
independent with each having a zero mean vector and a common
variance—covariance matrix . Note that the matrix X is assumed to be the
same for all the responses.

Let x,x,,...,x, be input variables that influence the r responses. The
predicted response value at a point x = (x, x,,..., x;)' in a region R for the
ith response is given by §,(x) = f'(x),, where B, = (X'X)"'X'y, is the least-
squares estimator of B, (i =1,2,...,r). Here, f'(x) is of the same form as a
row of X, except that it is evaluated at the point x. It follows that

Var[§,(x)] = o, f'(x)(X'X) 'f(x), i=12,...,r,
Cov| 9,(x), 9,(x)] = o' (x)(X'X) 'f(x), i#j=12,....,r,

where o;; is the (i, j)th element of X. The variance—covariance matrix of

¥x) =[9,), §,(x),..., §,X)] is then of the form

Var[§(x)] = £'(x)(X'X) 'f(x) 3.
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Since 3 is in general unknown, an unbiased estimator, 3, of 3 can be used
instead, where

$ -

-1
Y'[I, - X(X'X) X'|Y,
YL X% x|
and Y=[y,: y,: --:y,]. The matrix $ is nonsingular provided that Y is of
rank r <n —p. An estimate of Var[§(x)] is then given by

Var[§(x)] = f'(x)(X'X) 'f(x) 2. (8.69)

Let ¢, denote the optimum value of J,(x) optimized individually over the
region R (i=1,2,...,r). Let & = (¢, p,,..., ¢,)". These individual optima
do not in general occur at the same location in R. To achieve a compromise
optimum, we need to find x that minimizes p[§(x), d], where p is some
metric that measures the distance of §(x) from ¢. One possible choice for p
is the metric

1/2

50 - o] {Varls)]) 500 - 1]

P[S’(X),d)] =

which, by formula (8.69), can be written as

[ﬂ@—¢yiﬂﬂ@—¢qu
£'(x)(X'X) " 'f(x) '

pl§(x), d] = [ (8.70)

We note that p=0 if and only if §(x) = ¢, that is, when all the responses
attain their individual optima at the same point; otherwise, p > 0. Such a
point (if it exists) is called a point of ideal optimum. In general, an ideal
optimum rarely exists.

In order to have conditions that are as close as possible to an ideal
optimum, we need to minimize p over the region R. Let us suppose that the
minimum occurs at the point x, € R. Then, at x,, the experimental conditions
can be described as being near optimal for each of the r response functions.
We therefore refer to x, as a point of compromise optimum.

Note that the elements of ¢ in formula (8.70) are random variables since
they are the individual optima of J,(x),$,(x),...,$ (x). If the variation
associated with ¢ is large, then the metric p may not accurately measure the
deviation of §(x) from the true ideal optimum. In this case, some account
should be taken of the randomness of ¢ in the development of the metric.
To do so, let {=({, &5,--., L), where ¢ is the optimum value of the true
mean of the ith response optimized individually over the region R (i =
1,2,...,7r). Let D, be a confidence region for {. For a fixed x€R and
whenever { € D,, we obviously have

p[3(x), ] < max p[§(x),m]. (8.71)
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The right-hand side of this inequality serves as an upper bound on p[§(x), L],
which represents the distance of §(x) from the true ideal optimum. It follows
that

min p[(x). ] < min { max p[§(x). m] ). (8.72)

The right-hand side of this inequality provides a conservative measure of
distance between the compromise and ideal optima.

The confidence region D, can be determined in a variety of ways. Khuri
and Conlon (1981) considered a rectangular confidence region of the form

71i$§i$72i7 i=1,2,...,7’,
where

v = ¢ —8i(&) MS!”? Lay2,n—p>

Y= ¢ +8(§,) MS}”? Lay2,n—p>

where MS; is the error mean square for the ith response, §; is the point at
which §,(x) attains the individual optimum ¢, ¢, ,, ,_, is the upper (@/2) X
100th percentile of the #-distribution with n —p degrees of freedom, and
g;(&,) is given by

(8.73)

s(€) = [rE)xX) (g7 =12

Khuri and Conlon (1981) showed that such a rectangular confidence region
has approximately a confidence coefficient of at least 1 — a*, where a* =
—(1-a).

It should be noted that the evaluation of the right-hand side of inequality
(8.72) requires that p[§(x), n] be maximized first with respect to m over D,
for a given x € R. The maximum value thus obtained, being a function of x, is
then minimized over the region R. A computer program for the implementa-
tion of this min—-max procedure is described in Conlon and Khuri (1992).
A complete electronic copy of the code, along with examples, can be
downloaded from the Internet at ftp:/ /ftp.stat.ufl.edu/pub /mr.tar.Z.

Numerical examples that illustrate the application of the generalized
distance approach for multiresponse optimization can be found in Khuri and
Conlon (1981) and Khuri and Cornell (1996, Chapter 7).

8.8. MAXIMUM LIKELIHOOD ESTIMATION
AND THE EM ALGORITHM

We recall from Section 7.11.2 that the maximum likelihood (ML) estimates of
a set of parameters, 6,,0,,...,6,, for a given distribution maximize the
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likelihood function of a sample, X;, X,,..., X,, of size n_from the distribu-
tion. The ML estimates of the 6,’s denoted by 01, 02, . Op, can be found by
solving the likelihood equations (the likelihood function must be differen-

tiable and unimodal)

9 log[ L(x,9)]
a0,

l

-0, i=1,2,...,p, (8.74)

where 6=(8,,0,,...,9,)", x=(x;,x,,...,x,), and L(x,0)=f(x,8) with
f(x,0) being the density function (or probability mass function) of X =
(X,, X,,..., X,)'. Note that f(x,0) can be written as IT"_,g(x;,0), where
g(x,0) is the density function (or probability mass functlon) associated with
the distribution.

Equations (8.74) may not have a closed-form solution. For example,
consider the so-called truncated Poisson distribution whose probability mass
function is of the form (see Everitt, 1987, page 29)

g(x,9)=m, x=1,2,.... (875)

In this case,
log L(x,6) =log[lﬁlg(xi,0)}
= —nf+ (log0) ixi— i log x;!—nlog(1—e™?).
i=1 i=1
Hence,

IL*(x, 0) 12 ne~*
Sl A 3 T , 8.76
90 " E‘lx’ 1—e (8.76)

where L*(x,0) =log L(x, 0) is the log-likelihood function. The likelihood
equation, which results from equating the right-hand side of formula (8.76) to
zero, has no closed-form solution for 6.

In general, if equations (8.74) do not have a closed-form solution, then, as
was seen in Section 8.1, iterative methods can be applied to maximize L(x,0)
[or L*(x,0)]. Using, for example, the Newton—Raphson method (see Section
8.1.2), if 00 is an initial estimate of @ and 0 is the estimate at the ith
iteration, then by applying formula (8.7) we have

6+1=6i_H1:"}(X76i)VL*(X,éi), i=0,1,2,...,

i
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where H,«(x,0) and VL*(x,0) are, respectively, the Hessian matrix and
gradient vector of the log-likelihood function. Several iterations can be made
until a certain convergence criterion is satisfied. A modification of this
procedure is the so-called Fisher’s method of scoring, where H, « is replaced
by its expected value, that is,

n A A7) ] n
6,1 =0, — {E[H.(x.8)]} VL*(x8), i=0,1,2,.... (877)
Here, the expected value is taken with respect to the given distribution.

ExampLE 8.8.1. (Everitt, 1987, pages 30-31). Consider the truncated
Poisson distribution described in formula (8.75). In this case, since we only
have one parameter 6, the gradient takes the form VL*(x,0) = dL*(x, ) /36,
which is given by formula (8.76). Hence, the Hessian matrix is

92L*(x, )
36?
1

n
=—-—= Y x+

0% /2 (1—(3_6)2‘

HL*(X, 9) =

Furthermore, if X denotes the truncated Poisson random variable, then

< xe %9*
0T e
0
T 1"
Thus
271 %
E[H,«(x,0)] =E %‘(;’0)]
1 né ne” "’

- — +
0> 1—e" (1—6_9)2

ne ?(1+6)—n
o(l—e?)
Suppose now we have the sample 1,2,3,4,5,6 from this distribution. Let

éo= 1.5118 be an initial estimate of 6. Several iterations are made by
applying formula (8.77), and the results are shown in Table 8.6. The final
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Table 8.6. Fisher’s Method of Scoring for the Truncated Poisson Distribution

aL* 9°L*
Iteration — 0 L*
d0 d0
1 —685.5137 —1176.7632 1.5118 —1545.5549
2 —62.0889 —1696.2834 0.9293 —1303.3340
3 —0.2822 —1750.5906 0.8927 —1302.1790
4 0.0012 —1750.8389 0.8925 —1302.1792

Source: Everitt (1987, page 31). Reproduced with permission of Chapman and Hall, London.

estimate of 6 is 0.8925, which is considered to be the maximum likelihood
estimate of 6 for the given sample. The convergence criterion used here is
16,,, — 6;] <0.001.

8.8.1. The EM Algorithm

The EM algorithm is a general iterative procedure for maximum likelihood
estimation in incomplete data problems. This encompasses situations involv-
ing missing data, or when the actual data are viewed as forming a subset of a
larger system of quantities.

The term EM was introduced by Dempster, Laird, and Rubin (1977). The
reason for this terminology is that each iteration in this algorithm consists of
two steps called the expectation step (E-step) and the maximization step
(M-step). In the E-step, the conditional expectations of the missing data are
found given the observed data and the current estimates of the parameters.
These expected values are then substituted for the missing data and used to
complete the data. In the M-step, maximum likelihood estimation of the
parameters is performed in the usual manner using the completed data.
More generally, missing sufficient statistics can be estimated rather than the
individual missing data. The estimated parameters are then used to reesti-
mate the missing data (or missing sufficient statistics), which in turn lead to
new parameter estimates. This defines an iterative procedure, which can be
carried out until convergence is achieved.

More details concerning the theory of the EM algorithm can be found in
Dempster, Laird, and Rubin (1977), and in Little and Rubin (1987, Chapter
7). The following two examples, given in the latter reference, illustrate the
application of this algorithm:

ExampLE 8.8.2. (Little and Rubin, 1987, pages 130-131). Consider a
sample of size n from a normal distribution with a mean w and a variance
o’ Suppose that x,, x,,...,x, are observed data and that
X, i1>Xpins---» X, are missing data. Let x = (x, x,,...,x,,)". For i=m
+1,m+2,...,n, the expected value of X, given x_,; and 0 =(pu, 0?)" is u.

Now, from Example 7.11.3, the log-likelihood function for the complete data
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set is

n
L*(x,0) = — ElOg(ZWO' Ex -2u Z x;+nu’|, (8.78)

202 -1

where x = (x, x,,..., x,)’. We note that ¥7_, X/ and X7, X, are sufficient
statistics. Therefore, to apply the E-step of the algorithm, we only have to
find the conditional expectations of these statistics given x,, and the current

estimate of 0. We thus have

m

(ZXI()], Obs) Y ox;+ (n—m) i, j=0,1,2,..., (8.79)

i=1
(ZX 16,,x 0b§)= Yxi+(n—m)(f2+672),  j=0,1,2,..., (8.80)
i=1

where ﬁj = (fi;, 6;%)" is the estimate of @ at the jth iteration with 0, being an
initial estimate.

From Section 7.11 we recall that the maximum likelihood estimates of w
and o? based on the complete data set are (1/n)X/_,x; and (1/n)L/_, x? —
[(1/n)X7_,x,]°. Thus in the M-step, these same expressions are used, except
that the current expectations of the sufficient statistics in formulas (8.79) and
(8.80) are substituted for the missing data portion of the sufficient statistics.
In other words, the estimates of w and o ? at the (j + 1)th iteration are given

by
A 1 m .
B =—| Lxi+(n=m)jy|, j=0,12,..., (8.81)
i=1
&jil=n Yxr+(n—m)(p2+62)|— ik, j=0,1,2,.... (882)
i=1

By setting f;= ;. =i and &;=d;,, =G in equations (8.81) and (8.82),
we find that the iterations converge to

1 m
s Z an
i=1
1 m
b= Yxie i

which are the maximum likelihood estimates of w and o? from x.
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The EM algorithm is unnecessary in this example, since the maximum
likelihood estimates of w and o can be obtained explicitly.

ExampLE 8.8.3. (Little and Rubin, 1987, pages 131-132). This example
was originally given in Dempster, Laird, and Rubin (1977). It involves a
multinomial x = (x,, x,, x5, x,)’ with cell probabilities (3 —16,16,%6,1),
where 0 < 0 < 1. Suppose that the observed data consist of x,,, = (38,34, 125)’
such that x, =38, x,=34,x;+x,=125. The likelihood function for the
complete data is

(x; +x, +x5+x,)!

L(x.6) = xq 1,y lxy !

The log-likelihood function is of the form

X +x, +x;+x,)!
L¥(x, 0) = log (x 2 T X3 4)

1 1
ST +Xx, log(g—g(?)
xq 1,1 lxy !

+x,log(30) +x5log(50) +x, log(3).
By differentiating L*(x, #) with respect to 6 and equating the derivative to
zero we obtain
X4 Xy X3

+—+—=0.
1-0 o6 0

Hence, the maximum likelihood estimate of 6 for the complete data set is

A~ Xy + X5
= ——-—. (8.83)
Xy +X, + x5

Let us now find the conditional expectations of X, X,, X5, X, given the
observed data and the current estimate of 6:

A

E(X,16,,%4 ) =38,

E(X,)6;,x,,) =34,

1> “*obs

. 125(16,
E(X3|0i7xobs)= %‘lé)>
2 4 Yi
. 125(3)

E(X4| 017Xobs) =
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Table 8.7. The EM Algorithm for Example 8.8.3

A

Iteration 0

0.500000000
0.608247423
0.624321051
0.626488879
0.626777323
0.626815632
0.626820719
0.626821395
0.626821484

o

[CBEN Be SR I T I S

Source: Little and Rubin (1987, page 132). Reproduced
with permission of John Wiley & Sons, Inc.
Thus at the (i + 1)st iteration we have
15 1 15
~ o 34+(125)(36) /(3 + 76))
38434+ (129)(56,) /(3 + 56)

(8.84)

as can be seen from applying formula (8.83) using the conditional expectation
of X, instead of x;. Formula (8.84) can be used iteratively to obtain the
maximum likelihood estimate of 6 on the basis of the observed data. Using
an initial estimate 6, = 3, the results of this iterative procedure are given in
Table 8.7. Note that if we set 6, ., = 6,= 6 in formula (8.84) we obtain the
quadratic equation,

19762 — 15— 68 =0

whose only positive root is 6= 0.626821498, which is very close to the value
obtained in the last iteration in Table 8.7.

8.9. MINIMUM NORM QUADRATIC UNBAISED ESTIMATION
OF VARIANCE COMPONENTS

Consider the linear model

y=Xa+ ) UB,, (8.85)
i=1

where y is a vector of n observations; « is a vector of fixed effects;
B.,B,,-..,B. are vectors of random effects; X,U,,U,,...,U, are known
matrices of constants with 3. = €, the vector of random errors; and U, =1,,.
We assume that the s are uncorrelated with zero mean vectors and
variance—covariance matrices al-zlm’, where m; is the number of columns of
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2

U, (i=1,2,...,c¢). The variances o}, o,..., 0, are referred to as variance

components. Model (8.85) can be written as
y=Xa+UB, (8.860)
where U =[U;: U,: ---: U.,B = (B}, B,,-..,B.). From model (8.86) we have

E(y) =Xa,
¢ 8.87
Var(y) = 2 o/’V,, (8.87)
i=1

with V, = U,U..
Let us consider the estimation of a linear function of the variance

components, namely, Y¢_,a,0,%, where the a;’s are known constants, by a

| A

quadratic estimator of the form y'Ay. Here, A is a symmetric matrix to be
determined so that y’Ay satisfies certain criteria, which are the following:

1. Translation Invariance. If instead of a we consider y = a — a, then
from model (8.86) we have

y—Xoa,=Xvy+UB.

In this case, Y¢_,a;0;* is estimated by (y — Xa,)'Aly — Xe,). The
estimator y'Ay is said to be translation invariant if

YAy = (y — X)) 'A(y — Xay).
In order for this to be true we must have
AX=0. (8.88)
2. Unbiasedness. E(y'Ay) = Y¢_,a;0;*. Using a result in Searle (1971, The-
orem 1, page 55), the expected value of the quadratic form y’Ay is given
by
E(y'Ay) = a'X'AXa + tr[A Var(y)], (8.89)

since E(y) = Xa. From formulas (8.87), (8.88), and (8.89) we then have
E(y'Ay) = X o tr(AV}). (8.90)
i=1

By comparison with X¢_,a,0%, the condition for unbiasedness is

Lr

a; = tr(AV,), i=1,2,...,c. (8.91)
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3. Minimum Norm. If B,,B,,...,B, in model (8.85) were observable, then

a natural unbaised estimator of Y¢_,a,0,> would be X5_,a,8'8,/m;,
since E(B;B,) = tr(1,, 0;") =m;0;%, i=1,2,...,c. This estimator can be

written as B'AB, where A is the block-diagonal matrix

! as a
A =Diag|—I,,,—I,,,...,—1I, |.
m

ml’ m2’
1 m,

The difference between this estimator and y'Ay is
y'Ay —B'AB =B'(U'AU - A)B,

since AX = 0. This difference can be made small by minimizing the
Euclidean norm ||U'AU — A|l,.

The quadratic estimator y'Ay is said to be a minimum norm quadratic
unbiased estimator (MINQUE) of X¢_,a;0;* if the matrix A is deter-
mined so that ||[U'AU — Al|, attains a minimum subject to the condi-
tions given in formulas (8.88) and (8.91). Such an estimator was intro-
duced by Rao (1971,1972).

The minimization of ||[U'AU — Al|, is equivalent to that of tr(AVAV),
where V= X¢_,V.. The reason for this is the following:

[U'AU — A3 = tr[(U'AU — A)(U'AU — A)]
= tr(U'AUU'AU) — 2tr(U'AUA) + tr( A?). (8.92)
Now,
tr(U'AUA) = tr(AUAU")

C
=tr[A ) U,»—’Im[U,f)

i=1 i

c .
=tr| ¥ —'AU,-U;)

I
01
It
=
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Formula (8.92) can then be written as
|U'AU — Al|3 = tr(U’AUU’AU) — tr( A?)
= tr(AVAV) — tr( A?),
since V=Y¢_V.=Y¢_UU; = UU'. The trace of A* does not involve A;
hence the problem of MINQUE reduces to finding A that minimizes

tr(AVAV) subject to conditions (8.88) and (8.91). Rao (1971) showed
that the solution to this optimization problem is of the form

c
A= ) )NRVR, (8.93)
i=1
where
R=V ' -VIX(X'V'X) X'V

with (X'V™!'X)~ being a generalized inverse of X'V™!'X, and the A’s
are obtained from solving the equations

-

A tr(RVRY) =a;, i=1,2,...,c,

i=1

which can be expressed as
A'S=a’, (8.94)

where N=(A;, Ay,...,A)', S is the ¢Xc matrix (s;) with s;=
tr(RV,RV), and a=(a,,a,,...,a,)". The MINQUE of ¥{_,a,0;" can
then be written as
y’(
i

where q =(q,,¢,,---,4.) with g,=y'RV.Ry (i=1,2,...,¢). But, from
formula (8.94), N’ =a’S™, where S~ is a generalized inverse of S.
Hence, N'q=a'S q=a’é, where 6 =(67,67,...,6.%) is a solution
of the equation

Mn

c
A,-RViR)y = 2 L Y'RVRy
i=1

1

=N\q,

Sé =q. (8.95)

This equation has a unique solution if and only if the individual
variance components are unbiasedly estimable (see Rao, 1972, page
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114). Thus the MINQUEs of the o;*’s are obtained from solving
equation (8.95).

If the random effects in model (8.85) are assumed to be normally
distributed, then the MINQUEsS of the variance components reduce to
the so-called minimum variance quadratic unbiased estimators
(MIVQUES). An example that shows how to compute these estimators
in the case of a random one-way classification model is given in
Swallow and Searle (1978). See also Milliken and Johnson (1984,
Chapter 19).

8.10. SCHEFFE’S CONFIDENCE INTERVALS

Consider the linear model
y=XB +e, (8.96)

where y is a vector of n observations, X is a known matrix of order n X p and
rand r (<p), B is a vector of unknown parameters, and € is a random error
vector. It is assumed that € has the normal distribution with a mean 0 and a
variance—covariance matrix oI . Let y=a’B be an estimable linear func-
tion of the elements of . By this we mean that there exists a linear function
t'y of y such that E(t'y) = ¢, where t is some constant vector. A necessary
and sufficient condition for ¢ to be estimable is that a’ belongs to the row
space of X, that is, a’ is a linear combination of the rows of X (see, for
example, Searle, 1971, page 181). Since the rank of X is r, the row space of X,
denoted by p(X), is an r-dimensional subspace of the p-dimensional
Euclidean space R?. Thus a’ estimable if and only if a’ € p(X).

Suppose that a’ is an arbitrary vector in a g-dimensional subspace & of
p(X), where g <r. Then a'f=a'(X’X)"X'y is the best linear unbiased
estimator of a’, and its variance is given by

Var(a') = o0%a’'(X'X) " a,

where (X’X)™ is a generalized inverse of X'X (see, for example, Searle, 1971,
pages 181-182). Both a’ and a’(X'X)"a are invariant to the choice of
(X'X)™, since a’P is estimable (see, for example, Searle, 1971, page 181). In
particular, if r =p, then X'X is of full rank and (X'X)™=(X'X)"".

Theorem 8.10.1. Simultaneous (1 — @)100% confidence intervals on a’
for all a’ €%, where & is a g-dimensional subspace of p(X), are of the form

aBF (gMS, F, )" [a(x'x)"a]"”, (8.97)

»q,n—r
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where F, ., _, is the upper a100th percentile of the F-distribution with ¢
and n —r degrees of freedom, and MSy is the error mean square given by

1 _
MS, = ry’[In—X(X’X) X']y. (8.98)

n—

In Theorem 8.10.1, the word “simultaneous” means that with probability
1 — a, the values of a’f for all a’ €% satisty the double inequality

a'p— (gMS. F, )l/z[a’(X’X)_ a] 1z

»q,n—r

<aB<aB+(gMS,F, ) [a(xx)"a]”".  (8.99)
A proof of this theorem is given in Scheffé (1959, Section 3.5). Another proof
is presented here using the method of Lagrange multipliers. This proof is

based on the following lemma:

Lemma 8.10.1. Let C be the set {x € RY|x'Ax < 1}, where A is a positive
definite matrix of order g X g. Then x € C if and only if [I'sx| <(I’A~'D!/?
for all 1 € RY.

Proof. Suppose that x € C. Since A is positive definite, the boundary of C
is an ellipsoid in a g-dimensional space. For any 1 € RY, let e be a unit vector
in its direction. The projection of x on an axis in the direction of 1 is given by
e’x. Consider optimizing e'x with respect to x over the set C. The minimum
and maximum values of e'x are obviously determined by the end points of the
projection of C on the l-axis. This is equivalent to optimizing e’x subject to
the constraint x'Ax = 1, since the projection of C on the l-axis is the same as
the projection of its boundary, the ellipsoid x'Ax =1. This constrained
optimization problem can be solved by using the method of Lagrange
multipliers.

Let G =e'x + AMx’Ax — 1), where A is a Lagrange multiplier. By differenti-
ating G with respect to x, x,,..., Xy where x; is the ith element of x
(i=1,2,...,¢9), and equating the derivatives to zero, we obtain the equation
e + 2 Ax = 0, whose solution is x = —(1 /2 M)A~ 'e. If we substitute this value
of x into the equation x’Ax =1 and then solve for A, we obtain the two
solutions A, = — 2(e’A"1e)!/2, A, = 1(e’A"'e)'/%. But, e'’x = — 2, since x'Ax
= 1. It follows that the minimum and maximum values of e’x under the
constraint x'’Ax = 1 are —(e’A"'e)'/? and (e’A™'e)'/?, respectively. Hence,

le'x| < (e’A'e)”? (8.100)

Since 1=[llll,e, where |||, is the Euclidean norm of 1, multiplying the two
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sides of inequality (8.100) by [llll, yields
x| < (VA1) (8.101)

Vice versa, if inequality (8.101) is true for all 1€ RY, then by choosing
I’ =x'A we obtain

|x'Ax| < (x’AA’le)l/z,
which is equivalent to x'Ax < 1, that is, x € C. |
Proof of Theorem 8.10.1. Let L be a g X p matrix of rank g whose rows
form a basis for the g-dimensional subspace ¥ of p(X). Since y in model

(8.96) is distributed as N(XB, o °1,), LB = L(X'X) X'y is distributed as
NILB, o ?L(X’X)"L’]. Thus the random variable

[L(p-8)] [Lxx) L] '[L(B-B)]
qMSg

F=

has the F-distribution with ¢ and n — r degrees of freedom (see, for example,
Searle, 1971, page 190). It follows that

P(F<F,,,,)=1-a. (8.102)
By applying Lemma 8.10.1 to formula (8.102) with x = L(p — B) and A =

[LX’X) L' /(gMS,. F, ) we obtain the equivalent probability state-
ment

sq, n—r

P{IVL(B - 8)| < (aMS; F, ) 2 ILX%) L] VIERT) =1 - a.

Let a’ =1'L. We then have

Plla'(B-B)| < (¢MS: F,.,,-)*[a'(x'%) "a] /

TVaez)-l-a.
We conclude that the values of a’'$ satisfy the double inequality (8.99) for all
a’' € & with probability 1 — «. Simultaneous (1 — «)100% confidence inter-
vals on a’P are therefore given by formula (8.97). We refer to these intervals
as Scheffé’s confidence intervals.

Theorem 8.10.1 can be used to obtain simultaneous confidence intervals
on all contrasts among the elements of . By definition, the linear function
a’'P is a contrast among the elements of B if X7, a, =0, where q; is the ith
element of a (i=1,2,...,p). If a’ is in the row space of X, then it must
belong to a g-dimensional subspace of p(X), where g =r — 1. Hence, simul-
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taneous (1 — «)100% confidence intervals on all such contrasts can be
obtained from formula (8.97) by replacing g with r — 1. O

8.10.1. The Relation of Scheffé’s Confidence Intervals to the F-Test

There is a relationship between the confidence intervals (8.97) and the F-test
used to test the hypothesis H,: LB =0 versus H,: LB # 0, where L is the
matrix whose rows form a basis for the g-dimensional subspace # of p(X).
The test statistic for testing H,, is given by (see Searle, 1971, Section 5.5)

LX) L] L
- qMS; ,

which under H, has the F-distribution with g and n —r degrees of freedom.
The hypothesis H, can be rejected at the a-level of significance if F >

F, ; n-,- In this case, by Lemma 8.10.1, there exits at least one 1 € R? such
that
VLBl > (gMS, F, ) *[reexx) L] 7. (8.103)

It follows that the F-test rejects H, if and only if there exists a linear
combination a B, where a’ =1'L for some 1 € R for which the confidence
interval in formula (8.97) does not contain the value zero. In this case, a B is
said to be significantly different from zero.

It is easy to see that inequality (8.103) holds for some 1 € R? if and only if

rLp|’
sup ——————>qMS; F, , ,_,,
tere VL(X'X) L1
or equivalently,
rGil MS, F, (8.104)
sup >q n—r> .
1ere 1'G,1 o
where
G, =LBR'L, (8.105)
G,=L(X'X) L. (8.1006)

However, by Theorem 2.3.17,

1'G,1
sup

lEquG 1 max(G;lGl)

- fLxx) L] LB, (8.107)
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where e, (G5'G,) is the largest eigenvalue of G5'G,. The second equality
in (8.107) is true because _the nonzero eigenvalues of [LX’X)"L'] 1LBB L’
are the same as those of B L[LX'X) L'l 1LB by Theorem 2.3.9. Note that
the latter expression is the numerator sum of squares of the F-test statistic
for H,.

The eigenvector of G;'G, corresponding to e
interest. Let 1* be such an eigenvector. Then

(G5'G)) is of special

max

1¥'G,1*
=e
1#/G,l*

(G3'G,). (8.108)

This follows from the fact that 1* satisfies the equation

(G, — €, G,)I* =0,

max

where e, is an abbrev1at10n for emaX(G; 'G)). It is easy to see that 1* can be
chosen to be the vector G L, since

G;'Gy(G;'LB) =G, 'LBB'L'(G,'LB)
= (B'L'G;'LB)G; 'L
.Gy 'LP.

This shows that G 'L is an eigenvector of G, 'G, for the eigenvalue e, .
From inequality (8.104) and formula (8.108) we conclude that if the F-test
rejects H, at the a-level, then

1/2

11'LB| > (¢ MS; F, )2 [FL(X’X) L1

a,q,n—r

This means that the linear combination a*’[:S, where a*

cantly different from zero. Let us express a*'f as

"=1"1L, is signifi-

q
LB = Y 15, (8.109)
i=1

where [¥ and 9, are the ith elements of 1* and 4 =L§B, respectively
(i=1,2,...,¢q). If we divide ¥; by its estimated standard error k; [which is
equal to the square root of the ith diagonal element of the variance—covari-
ance matrix of L, namely, o?L(X'X)"L’ with o? replaced by the error
mean square MSy in formula (8.98)], then formula (8.109) can be written as

MQ

FLB = Y R4, (8.110)

1

i

where 7, = ¥./k;, i =1,2,...,q. Consequently, large values of |I¥|k; identify
those elements of ¥ that are influential contributors to the significance of
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the F-test concerning H,. Note that the elements of y=Lp form a set of
linearly independent estimable linear functions of f.

We conclude from the previous arguments that the eigenvector 1*, which
corresponds to the largest eigenvalue of G;' G, can be conveniently used to
identify an estimable linear function of B that is significantly different from
zero whenever the F-test rejects H,.

It should be noted that if model (8.96) is a response surface model (in this
case, the matrix X in the model is of full column rank, that is, r = p) whose
input variables, x,x,,...,x,, have different units of measurement, then
these variables must be made scale free. This is accomplished as follows: If
x,; denotes the uth measurement on x;, then we may consider the transfor-
mation

where ¥, = (1/n)X"_ x,; ;= [X"_(x,, —X,)*]"/?, and n is the total number
of observations. One advantage of this scaling convention, besides making the
input variables scale free, is that it can greatly improve the conditioning of
the matrix X with regard to multicollinearity (see, for example, Belsley, Kuh,

and Welsch, 1980, pages 183-185).

ExAMPLE 8.10.1. Let us consider the one-way classification model
Vij=mt o +e€;, i=1,2,....m;j=1,2,...,n, (8.111)

where w and «; are unknown parameters with the latter representing the
effect of the ith level of a certain factor at m levels; n; observations are
obtained at the ith level. The ¢;’s are random errors assumed to be
independent and normally distributed with zero means and a common
variance o 2.

Model (8.111) can be represented in vector form as model (8.96). Here,
y= (ylla Yizs -+ yln17 Yats Yazs oo o y2n27 s Yms Ymas e ymnm),’ B =
(u, ay, ay,...,a,), and X is of order n X (m + 1) of the form X=[1,:T],
where 1, is a vector of ones of order nX1, n=X",n;, and T=
Diag(1,,1, ,...,1, ). The rank of X is r=m. For such a model, the
hypothesis of interest is

Hy:o=a,= " =«

m?>

which can be expressed as H,: LB =0, where L is a matrix of order
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(m—1) X (m+1) and rank m — 1 of the form

0 1 -1 0 0

0 1 0 -1 0
L=|" : .

0 1 0 0 -1

This hypothesis states that the factor under consideration has no effect on
the response. Note that each row of L is a linear combination of the rows of
X. For example, the ith row of L—whose elements are equal to zero except
for the second and the (i + 2)th elements, which are equal to 1 and —1,
respectively—is the difference between rows 1 and »;,+1 of X, where
v, = Zﬂzlnj, i=12,...,m—1. Thus the rows of L form a basis for a
g-dimensional subspace # of p(X), the row space of X, where g =m — 1.
Let u;,=p+ o, Then u; is the mean of the ith level of the factor
(i=1,2,...,m). Consider the contrast y=YX" ¢, u,; that is, X" ¢, =0. We
can write = a’'@, where a’ =(0,¢,,¢,,...,c,) belongs to a g-dimensional
subspace of R™*!. This subspace is the same as .Z, since each row of L is of
the form (0, ¢, ¢y, ..., c,,) with X", ¢, = 0. Vice versa, if y=a’f is such that
a'=(0,cp,cy,...,c,) with ¢, =0, then a’ can be expressed as

a'=(—-c¢,,—¢3,...,—c,)L,
since ¢, = —X!,c;. Hence, a’ € &. It follows that . is a subspace associ-
ated with all contrasts among the means w,, u,,..., u,, of the m levels of the

factor.

Simultaneous (1 — «)100% confidence intervals on all contrasts of the
form =X c,u; can be obtained by applying formula (8.97). Here, g =
m — 1, r=m, and a generalized inverse of X'X is of the form

<[l 8]

where D = Diag(n; ', n;',...,n,,") and 0 is a zero vector of order m X 1.
Hence,

a'P= (0,¢1,¢5---,¢,)(X'X) X'y

m
= Z Ci)_’i,’
i=1
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where y, =(1/n)¥}L,y;;, i=1,2,..., m. Furthermore,

_ m ¢}
a'(X'X) a= ) -
i1 i

By making the substitution in formula (8.97) we obtain

c?

1/2
—’) . (8.112)
1

M=
I

¢yt [(m —1) MSg Fa,m—l,n—m]l/z(
1

i

L

Now, if the F-test rejects H, at the a-level, then there exists a contrast
X" c¥y, =a*'B, which is significantly different from zero, that is, the inter-
val (8.112) for ¢; = ¢} (i=1,2,...,m) does not contain the value zero. Here,
a*’ =1*'L, where 1" = Gz_lLﬁ is an eigenvector of G5 'G, corresponding to
(G5'G,). We have that

€ mam
-1

o (1
G;' = [L(X'X) L] =(n—1Jm_1+A

where J,,_, is a matrix of ones of order (m—1)X(m—1), and A=
Diag(n; ', n3',...,n, ). By applying the Sherman—Morrison—Woodbury for-
mula (see Exercise 2.15), we obtain

Gz_l =n(n; A+ lm—lllm—1)71
A1 1 AL

_ -1 _ m—1"m—1
n+1, AT,
n,
. 1| n;
=Diag(n,,ny,...,n,) ——| - |[ny,n5,...,1n,].
n .
nm
Also,
V1.7 Ya.
. - V1.7 Vs,
F=LB-LXX) Xy=|""."°
yl._)_)m.

It can be verified that the ith element of 1* = G, LR is given by

n

. m
l;k:niﬂ()_’l._)_’iﬂ.)_ — Z ”,‘(J_H._}_’j.)’ i=1,2,...,m—1. (8.113)

n j=2
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The estimated standard error, &;, of the ith element of ¥ (i=1,2,...,m —1)
is the square root of the ith diagonal element of MS; L(X'X)"L’ =
[(A/n)),_ + AIMS,, that is,

|

Thus by formula (8.110), large values of |/} %, identify those elements of
4 =L that are influential contributors to the significance of the F-test. In
particular, if the data set used to analyze model (8.111) is balanced, that is,
n;=n/m for i=1,2,...,m, then

1 1 1/2
— 4+ MSg , i=1,2,....m—1.
ny Ny

on 1/2
|l;k|ﬁi=|)7i+1_—)7._|(—MSE) , i=1,2,...,m—1,
m

where y = (1/m)L}L,y; . N
Alternatively, the contrast a*' can be expressed as

a*'B =1*"L(X'X) X'y

m—1
= (0, Z l;k>_lik’_lg<7"" _l;kn—l)(O’yl.’yz.""’ym.),

cr={ 0" (8.114)

* ¥ =
=, i=2,3,...,m.

Since the estimated standard error of y, is (MS./n)/*, i=1,2,...,m, by
dividing y; by this value we obtain

R m (1 12
a*'p= Z (_MSE) ciw;,
i=1 \ T

l

where w, =y, /(MS/n)"/? is a scaled value of y, (i=1,2,...,m). Hence,
large values of (MSy/n;)!/?|c¥| identify those y,’s that contribute signifi-
cantly to the rejection of H,. In particular, for a balanced data set,

n

F=—(3.7Fi1):  i=l2..m-1L.
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Thus from formula (8.114) we get

n.

13

MSE 172 n 1/2
et = (oms) ) i,
m

We conclude that large values of |y, —y | are responsible for the rejection of
H, by the F-test. This is consistent with the fact that the numerator sum of
m

squares of the F-test statistic for H,, is proportional to ¥/ ,(y, —y )* when
the data set is balanced.
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EXERCISES

8.1. Consider the function
f(xy,x,) =8xi —4x,x, + 5x3.

Minimize f(x,, x,) using the method of steepest descent with x, = (5, 2)’
as an initial point.

8.2. Conduct a simulated steepest ascent exercise as follows: Use the
function

n(xy,x,) =479+ 3x; —x, + 4x7 + 4x,x, + 3x3

as the true mean response, which depends on two input variables x;,
and x,. Generate response values by using the model

y(x) =n(x) t+e,
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8.4.
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where € has the normal distribution with mean 0 and variance 2.25,
and x = (x,, x,)". Fit a first-order model in x, and x, in a neighbor-
hood of the origin using a 2 factorial design along with the corre-
sponding simulated response values. Make sure that replications are
taken at the origin in order to test for lack of fit of the fitted model.
Determine the path of steepest ascent, then proceed along it using
simulated response values. Conduct additional experiments as de-
scribed in Section 8.3.1.

Two types of fertilizers were applied to experimental plots to assess
their effects on the yield of a certain variety of potato. The design
settings used in the experiment along with the corresponding yield
values are given in the following table:

Original Settings Coded Settings Yield y

Fertilizer 1 Fertilizer 2 X, X, (Ib /plot)
50.0 15.0 -1 -1 24.30
120.0 15.0 1 -1 35.82
50.0 25.0 -1 1 40.50
120.0 25.0 1 1 50.94
35.5 20.0 —2l/2 0 30.60
134.5 20.0 212 0 42.90
85.0 12.9 0 —2!/2 22.50
85.0 27.1 0 2172 50.40
85.0 20.0 0 0 45.69

(a) Fit a second-order model in the coded variables

F, -85 F,—20
5 0 T s

X, =

to the yield data, where F, and F, are the original settings of
fertilizers 1 and 2, respectively, used in the experiment.

(b) Apply the method of ridge analysis to determine the settings of the
two fertilizers that are needed to maximize the predicted yield (in
the space of the coded input variables, the region R is the interior
and boundary of a circle centered at the origin with a radius equal
to 21/%).

Suppose that A, and A, are two values of the Lagrange multiplier A
used in the method of ridge analysis. Let §, and y, be the correspond-
ing values of § on the two spheres x'x =r? and x'x =rj, respectively.

Show that if r;, =r, and A, > A,, then y, > ,.



EXERCISES 397

8.5.

8.6.

8.7.

Consider again Exercise 8.4. Let x, and x, be the stationary points
corresponding to A, and A,, respectively. Consider also the matrix

M(x,) =2(B—AT), i=1,2.

Show that if r, =r,, M(x,) is positive definite, and M(x,) is indefinite,
then y, <Jp,.

Consider once more the method of ridge analysis. Let x be a stationary
point that corresponds to the radius .

(a) Show that

where x; is the ith element of x (i = 1,2,..., k).
(b) Make use of part (a) to show that

J%r

ﬂ_/\2>0 if r+0.

Suppose that the “true” mean response n(x) is represented by a model
of order d, in k input variables x,, x,,..., x; of the form

n(x) =f'(x)B +g'(x)9,

where x = (x, x,,..., x,)". The fitted model is of order d, (< d,) of the
form

$(x) =f'(x)X,

where A is an estimator of B, not necessarily obtained by the method

of least squares. Let y = E(X).

(a) Give an expression for B, the average squared bias of $(x), in terms
of B, &, and .

(b) Show that B achieves its minimum value if and only if +y is of the
form y = C, where 7=(B’,8')" and C =[I: I';;'T';,]. The matri-
ces I';; and T, are the region moments used in formula (8.54).

(¢) Deduce from part (b) that B achieves its minimum value if and

only if C7 is an estimable linear function (see Searle, 1971, Section
5.4).
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(d) Use part (c) to show that B achieves its minimum value if and only
if there exists a matrix L such that C = L[X: Z], where X and Z are
matrices consisting of the values taken by f'(x) and g'(x), respec-
tively, at n experimental runs.

(e) Deduce from part (d) that B achieves its minimum for any design
for which the row space of [X: Z] contains the rows of C.

(f) Show that if A is the least-squares estimator of 3, that is, A=
(X'X)"'X'y, where y is the vector of response values at the n
experimental runs, then the design property stated in part (e) holds
for any design that satisfies the conditions described in equations
(8.56).

[ Note: This problem is based on an article by Karson, Manson, and
Hader (1969), who introduced the so-called minimum bias estima-
tion to minimize the average squared bias B.]

Consider again Exercise 8.7. Suppose that f'(x)B =8, + X3_, B;x; is a
first-order model in three input variables fitted to a data set obtained
by using the design

-& —& 8

p=| & & 8|
g -8 8
& & &

where g is a scale factor. The region of interest is a sphere of radius 1.
Suppose that the “true” model is of the form

3
n(x) =B, + Z BiXx; + Bip XX, + BizX X3 + Boz Xy X5
i=1

(a) Can g be chosen so that D satisfies the conditions described in
equations (8.56)?

(b) Can g be chosen so that D satisfies the minimum bias property
described in part (e) of Exercise 8.7?

Consider the function
h(8,D) =3'A3,
where 8 is a vector of unknown parameters as in model (8.48), A is the

matrix in formula (8.53), namely A=A'T;,A-T},A—A'T,, +T,,, and
D is the design matrix.
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8.10.

8.11.

(a) Show that for a given D, the maximum of A(8,D) over the region
¥ =1{88'8 <r?}is equal to r’e,, (A), where e, (A) is the largest
eigenvalue of A.

(b) Deduce from part (a) a design criterion for choosing D.

Consider fitting the model

y(x) =1'(x)B + €,
where e is a random error with a zero mean and a variance o 2.
Suppose that the “true” mean response is given by

n(x) =f'(x)B +¢g'(x).

Let X and Z be the same matrices defined in part (d) of Exercise 8.7.
Consider the function A(8,D) = &'Sd, where

s=2'[1-X(X'X)"'X'|z,

and D is the design matrix. The quantity A(3,D)/c? is the noncentral-
ity parameter associated with the lack of fit F-test for the fitted model
(see Khuri and Cornell, 1996, Section 2.6). Large values of A/c>
increase the power of the lack of fit test. By formula (8.54), the
minimum value of B is given by

n
B, = —9'T3,

o
where T=T,, —I';,I'};'T";,. The fitted model is considered to be
inadequate if there exists some constant x>0 such that 8T8 > «.

Show that

inf 888 = ke, (T"'S),
dcd

where e, (T™'S) is the smallest eigenvalue of T™'S and @ is the
region {8|8'T8 > «}.

[Note: On the basis of this problem, we can define a new design
criterion, that which maximizes e,,;,(T~'S) with respect to D. A design

chosen according to this criterion is called A;-optimal (see Jones and
Mitchell, 1978).]

A second-order model of the form

Y(x) =By + Bix; + Byx, + Bllx% + 322x§ + Bixix, + €
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is fitted using a rotatable central composite design D, which consists of
a factorial 2? portion, an axial portion with an axial parameter a =2'/2,
and n, center-point replications. The settings of the 22 factorial
portion are +1. The region of interest R consists of the interior and
boundary of a circle of radius 2'/? centered at the origin.

(a) Express V, the average variance of the predicted response given by

formula (8.52), as a function of n,.
(b) Can n, be chosen so that it minimizes V'?

Suppose that we have r response functions represented by the models
y=XB,te, i=1,2,...,r,

where X is a known matrix of order n X p and rank p. The random
error vectors have the same variance—covariance structure as in Section
8.7. Let F = E(Y) = XB, where Y = [y,:y,: -~ :y, ] and B=[B: B,: -~ :B,].
Show that the determinant of (Y —F)'(Y —F) attains a minimum
value when B = B, where B is obtained by replacing each B, in B with
B,=X'X)"'X'y (i=12,...,7).
[ Note: The minimization of the determinant of (Y — F)'(Y — F) with
respect to B represents a general multiresponse estimation criterion
known as the Box—Draper determinant criterion (see Box and Draper,

1965).]
Let A be a p X p matrix with nonnegative eigenvalues. Show that
det(A) < exp[tr(A - Ip)] .

[ Note: This inequality is proved in an article by Watson (1964). It is
based on the simple inequality a <exp(a — 1), which can be easily
proved for any real number a.]

Let x;,x,,...,X, be a sample of n independently distributed random
vectors from a p-variate normal distribution N(pw, V). The correspond-
ing likelihood function is

1
b ey a7

1 n
=5 (=) VIi(x,—m) .
i=1

It is known that the maximum likelihood estimate of m is X, where

x=(1/n)¥Xlx, (see, for example, Seber, 1984, pages 59-61). Let S be
the matrix

S ! X x)'

— (x; =X)(x;, —X)".

l

i
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8.15.

8.16.

8.17.

Show that S is the maximum likelihood estimate of V by proving that
e ep| -5 T (- D)V %, - %)
exp| — — X; —X X; —X
[der (V)2 2.5

1

1 n sl
| E e

or equivalently,

[de‘[(SV’l)]”/2 exp[— %tr(SV’l)} < exp[— %tr(lp)].

[ Hint: Use the inequality given in Exercise 8.13.]

Consider the random one-way classification model

Vij=kt o+, i=1,2,...,a;j=1,2,...,n;,

1

where the a;’s and ¢;’s are independently distributed as N(0, a?) and
N(O, o.*). Determine the matrix § and the vector q in equatlon (8.95)
that can be used to obtain the MINQUE:s of > and o,

Consider the linear model
y=XB +e,

where X is a known matrix of order n Xp and rank p, and € is
normally distributed with a zero mean vector and a variance—covari-
ance matrix o °I,. Let $(x) denote the predicted response at a point x
in a region of interest R.

Use Scheffé’s confidence intervals given by formula (8.97) to obtain
simultaneous confidence intervals on the mean response values at the
points x,,X,,...,x,, (m <p) in R. What is the joint confidence coeffi-
cient for these intervals?

Consider the fixed-effects two-way classification model

yljk /.L+0[+B+(C¥B)l]+€ljk,

i=1,2,...,a;j=1,2,...,b; k=1,2,...,m,
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where «; and B; are unknown parameters, (a«f);; is the interaction
effect, and €, is a random error that has the normal distribution with

a zero mean and a variance o 2.

(a) Use Scheffé’s confidence intervals to obtain simultaneous confi-
dence intervals on all contrasts among the w,;’s, where u, = E(y; )
and yi..z(l/bm)2?=l k=1Yijk-

(b) Identify those y,’s that are influential contributors to the sig-
nificance of the F-test concerning the hypothesis Hy: w, =, =
=



