
C H A P T E R 8

Optimization in Statistics

Optimization is an essential feature in many problems in statistics. This is
apparent in almost all fields of statistics. Here are few examples, some of
which will be discussed in more detail in this chapter.

1. In the theory of estimation, an estimator of an unknown parameter is
sought that satisfies a certain optimality criterion such as minimum

Žvariance, maximum likelihood, or minimum average risk as in the case
.of a Bayes estimator . Some of these criteria were already discussed in

Section 7.11. For example, in regression analysis, estimates of the
parameters of a fitted model are obtained by minimizing a certain
expression that measures the closeness of the fit of the model. One
common example of such an expression is the sum of the squared

Žresiduals these are deviations of the predicted response values, as
specified by the model, from the corresponding observed response

.values . This particular expression is used in the method of ordinary
least squares. A more general class of parameter estimators is the class

Ž .of M-estimators. See Huber 1973, 1981 . The name ‘‘M-estimator’’
comes from ‘‘generalized maximum likelihood.’’ They are based on the
idea of replacing the squared residuals by another symmetric function
of the residuals that has a unique minimum at zero. For example,
minimizing the sum of the absolute values of the residuals produces the

Ž .so-called least absolute ®alues LAV estimators.
2. Estimates of the variance components associated with random or mixed

models are obtained by using several methods. In some of these
methods, the estimates are given as solutions to certain optimization

Ž .problems as in maximum likelihood ML estimation and minimum
Ž .norm quadratic unbiased estimation MINQUE . In the former method,

the likelihood function is maximized under the assumption of normally
w Ž .xdistributed data see Hartley and Rao 1967 . A completely different

approach is used in the latter method, which was proposed by Rao
Ž .1970, 1971 . This method does not require the normality assumption.
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For a review of methods of estimating variance components, see Khuri
Ž .and Sahai 1985 .

3. In statistical inference, tests are constructed so that they are optimal in
Ža certain sense. For example, in the Neyman�Pearson lemma see, for

.example, Roussas, 1973, Chapter 13 , a test is obtained by minimizing
the probability of Type II error while holding the probability of Type I
error at a certain level.

4. In the field of response surface methodology, design settings are chosen
to minimize the prediction variance inside a region of interest, or to
minimize the bias that occurs from fitting the ‘‘wrong’’ model. Other
optimality criteria can also be considered. For example, under the
D-optimality criterion, the determinant of the variance�covariance ma-
trix of the least-squares estimator of the vector of unknown parameters
Ž .of a fitted model is minimized with respect to the design settings.

5. Another objective of response surface methodology is the determina-
tion of optimum operating conditions on the input variables that
produce maximum, or minimum, response values inside a region of
interest. For example, in a particular chemical reaction setting, it may
be of interest to determine the reaction temperature and the reaction
time that maximize the percentage yield of a product. Optimum seeking
methods in response surface methodology will be discussed in detail in
Section 8.3.

6. Several response variables may be observed in an experiment for each
setting of a group of input variables. Such an experiment is called a
multiresponse experiment. In this case, optimization involves a number

Žof response functions and is therefore referred to as simultaneous or
.multiresponse optimization. For example, it may be of interest to

maximize the yield of a certain chemical compound while reducing the
production cost. Multiresponse optimization will be discussed in Sec-
tion 8.7.

7. In multivariate analysis, a large number of measurements may be
available as a result of some experiment. For convenience in the
analysis and interpretation of such data, it would be desirable to work
with fewer of the measurements, without loss of much information.
This problem of data reduction is dealt with by choosing certain linear
functions of the measurements in an optimal manner. Such linear
functions are called principal components.

Optimization of a multivariable function was discussed in Chapter 7.
However, there are situations in which the optimum cannot be obtained
explicitly by simply following the methods described in Chapter 7.
Instead, iterative procedures may be needed. In this chapter, we shall
first discuss some commonly used iterative optimization methods. A
number of these methods require the explicit evaluation of the partial

Ž .derivatives of the function to be optimized objective function . These
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are referred to as the gradient methods. Three other optimization
techniques that rely solely on the values of the objective function will
also be discussed. They are called direct search methods.

8.1. THE GRADIENT METHODS

Ž .Let f x be a real-valued function of k variables x , x , . . . , x , where1 2 k
Ž . Ž .xs x , x , . . . , x �. The gradient methods are based on approximating f x1 2 k

with a low-degree polynomial, usually of degree one or two, using Taylor’s
Ž .expansion. The first- and second-order partial derivatives of f x are there-

fore assumed to exist at every point x in the domain of f. Without loss of
generality, we shall consider that f is to be minimized.

8.1.1. The Method of Steepest Descent

Ž .This method is based on a first-order approximation of f x with a polyno-
Ž .mial of degree one using Taylor’s theorem see Section 7.5 . Let x be an0

Ž .initial point in the domain of f x . Let x q th be a neighboring point,0 0
Žwhere th represents a small change in the direction of a unit vector h that0 0

. Ž . Ž . Ž .is, t�0 . The corresponding change in f x is f x q th y f x . A first-0 0 0
order approximation of this change is given by

f x q th y f x f th� �f x , 8.1Ž . Ž . Ž . Ž .0 0 0 0 0

Ž .as can be seen from applying formula 7.27 . If the objective is to minimize
Ž . � Ž .f x , then h must be chosen so as to obtain the largest value for yth �f x .0 0 0

This is a constrained maximization problem, since h has unit length. For this0
purpose we use the method of Lagrange multipliers. Let F be the function

Fsyth� �f x q� h� h y1 .Ž . Ž .0 0 0 0

By differentiating F with respect to the elements of h and equating the0
derivatives to zero we obtain

t
h s �f x . 8.2Ž . Ž .0 02�

Using the constraint h� h s1, we find that � must satisfy the equation0 0

t 2
22 � �� s �f x , 8.3Ž . Ž .204

� Ž .� Ž . � Ž .where �f x is the Euclidean norm of �f x . In order for yth �f x20 0 0 0
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Ž .to have a maximum, � must be negative. From formula 8.3 we then have

t
� ��sy �f x .Ž . 202

Ž .By substituting this expression in formula 8.2 we get

�f xŽ .0
h sy . 8.4Ž .0 � ��f xŽ . 20

Ž .Thus for a given t�0, we can achieve a maximum reduction in f x by0
Ž .moving from x in the direction specified by h in formula 8.4 . The value of0 0

t is now determined by performing a linear search in the direction of h . This0
Ž .is accomplished by increasing the value of t starting from zero until no

further reduction in the values of f is obtained. Let such a value of t be
denoted by t . The corresponding value of x is given by0

�f xŽ .0
x sx y t .1 0 0 � ��f xŽ . 20

Since the direction of h is in general not toward the location x* of the0
true minimum of f , the above process must be performed iteratively. Thus if
at stage i we have an approximation x for x*, then at stage iq1 we have thei
approximation

x sx q t h , is0, 1, 2, . . . ,iq1 i i i

where

�f xŽ .i
h sy , is0, 1, 2, . . . ,i � ��f xŽ . 2i

and t is determined by a linear search in the direction of h , that is, t is thei i i
Ž .value of t that minimizes f x q th . Note that if it is desired to maximize f ,i i

Ž .then for each i G0 we need to move in the direction of yh . In this case,i
the method is called the method of steepest ascent.

Convergence of the method of steepest descent can be very slow, since
frequent changes of direction may be necessary. Another reason for slow
convergence is that the direction of h at the ith iteration may be nearlyi
perpendicular to the direction toward the minimum. Furthermore, the method
becomes inefficient when the first-order approximation of f is no longer
adequate. In this case, a second-order approximation should be attempted.
This will be described in the next section.
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8.1.2. The Newton–Raphson Method

Ž .Let x be an initial point in the domain of f x . By a Taylor’s expansion of f0
Ž .in a neighborhood of x see Theorem 7.5.1 , it is possible to approximate0

Ž . Ž .f x with the quadratic function � x given by

1
� x s f x q xyx ��f x q xyx �H x xyx , 8.5Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .0 0 0 0 f 0 02!

Ž .where H x is the Hessian matrix of f evaluated at x .f 0 0
Ž .On the basis of formula 8.5 we can obtain a reasonable approximation to

Ž . Ž . Ž .the minimum of f x by using the minimum of � x . If � x attains a local
Ž . Ž .minimum at x , then we must necessarily have �� x s0 see Section 7.7 ,1 1

that is,

�f x qH x x yx s0. 8.6Ž . Ž . Ž . Ž .0 f 0 1 0

Ž . Ž .If H x is nonsingular, then from equation 8.6 we obtainf 0

x sx yHy1 x �f x .Ž . Ž .1 0 f 0 0

Ž .If we now approximate f x with another quadratic function, by again
applying Taylor’s expansion in a neighborhood of x , and then repeat the1
same process as before with x used instead of x , we obtain the point1 0

x sx yHy1 x �f x .Ž . Ž .2 1 f 1 1

Further repetitions of this process lead to a sequence of points,
x , x , x , . . . , x , . . . , such that0 1 2 i

x sx yHy1 x �f x , is0, 1, 2, . . . . 8.7Ž . Ž . Ž .iq1 i f i i

The Newton�Raphson method requires finding the inverse of the Hessian
matrix H at each iteration. This can be computationally involved, especiallyf
if the number of variables, k, is large. Furthermore, the method may fail to

Ž .converge if H x is not positive definite. This can occur, for example, whenf i
x is far from the location x* of the true minimum. If, however, the initiali
point x is close to x*, then convergence occurs at a rapid rate.0

8.1.3. The Davidon–Fletcher–Powell Method

This method is basically similar to the one in Section 8.1.1 except that at the
ith iteration we have

x sx y� G �f x , is0, 1, 2, . . . ,Ž .iq1 i i i i
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where G is a positive definite matrix that serves as the ith approximation toi
Ž .the inverse of the Hessian matrix H x , and � is a scalar determined by af i i

Ž .linear search from x in the direction of yG �f x , similar to the one for thei i i
steepest descent method. The initial choice G of the matrix G can be any0
positive definite matrix, but is usually taken to be the identity matrix. At the
Ž .iq1 st iteration, G is updated by using the formulai

G sG qL qM , is0, 1, 2, . . . ,iq1 i i i

where

G �f x y�f x �f x y�f x �GŽ . Ž . Ž . Ž .i iq1 i iq1 i i
L sy ,i �f x y�f x �G �f x y�f xŽ . Ž . Ž . Ž .iq1 i i iq1 i

� G �f x G �f x �Ž . Ž .i i i i i
M sy .i G �f x � �f x y�f xŽ . Ž . Ž .i i iq1 i

Ž .The justification for this method is given in Fletcher and Powell 1963 .
Ž .See also Bunday 1984, Section 4.3 . Note that if G is initially chosen as thei

Ž .identity, then the first increment is in the steepest descent direction y�f x .0
This is a powerful optimization method and is considered to be very

efficient for most functions.

8.2. THE DIRECT SEARCH METHODS

The direct search methods do not require the evaluation of any partial
derivatives of the objective function. For this reason they are suited for
situations in which it is analytically difficult to provide expressions for the
partial derivatives, such as the minimization of the maximum absolute devia-
tion. Three such methods will be discussed here, namely, the Nelder�Mead
simplex method, Price’s controlled random search procedure, and general-
ized simulated annealing.

8.2.1. The Nelder–Mead Simplex Method

Ž . Ž .Let f x , where xs x , x , . . . , x �, be the function to be minimized. The1 2 k
simplex method is based on a comparison of the values of f at the kq1
vertices of a general simplex followed by a move away from the vertex with
the highest function value. By definition, a general simplex is a geometric
figure formed by a set of kq1 points called vertices in a k-dimensional
space. Originally, the simplex method was proposed by Spendley, Hext, and

Ž .Himsworth 1962 , who considered a regular simplex, that is, a simplex with
mutually equidistant points such as an equilateral triangle in a two-dimen-

Ž . Ž .sional space ks2 . Nelder and Mead 1965 modified this method by
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allowing the simplex to be nonregular. This modified version of the simplex
method will be described here.

The simplex method follows a sequential search procedure. As was men-
tioned earlier, it begins by evaluating f at the kq1 points that form a
general simplex. Let these points be denoted by x , x , . . . , x . Let f and1 2 kq1 h
f denote, respectively, the largest and the smallest of the valuesl
Ž . Ž . Ž .f x , f x , . . . , f x . Let us also denote the points where f and f are1 2 kq1 h l

attained by x and x , respectively.h l
Obviously, if we are interested in minimizing f , then a move away from x h

will be in order. Let us therefore define x as the centroid of all the pointsc
with the exclusion of x . Thush

1
x s x .Ýc ik i�h

In order to move away from x , we reflect x with respect to x to obtain theh h c
point x�. More specifically, the latter point is defined by the relationh

x�yx s r x yx ,Ž .h c c h

or equivalently,

x�s 1q r x y r x ,Ž .h c h

where r is a positive constant called the reflection coefficient and is given by

� � �x yx 2h c
rs .

� �x yx 2c h

The points x , x , and x� are depicted in Figure 8.1. Let us consider theh c h

Ž � . Ž � .Figure 8.1. A two-dimensional simplex with the reflection x , expansion x , and contractionh h e
Ž � .x points.hc



OPTIMIZATION IN STATISTICS334

following cases:

Ž � . �a. If f � f x � f , replace x by x and start the process again with thel h h h h
Žnew simplex that is, evaluate f at the vertices of the simplex which has

� .the same points as the original simplex, but with x substituted for x .h h

Ž � . �b. If f x � f , then the move from x to x is in the right direction andh l c h
should therefore be expanded. In this case, x� is expanded to x�

h he
defined by the relation

x� yx s� x�yx ,Ž .he c h c

that is,

x� s� x�q 1y� x ,Ž .he h c

Ž .where � �1 is an expansion coefficient given by

� � �x yx 2he c
�s �� �x yx 2h c

Ž . Ž � .see Figure 8.1 . This operation is called expansion. If f x � f ,he l
� Ž � .replace x by x and restart the process. However, if f x � f , thenh he he l

expansion is counterproductive. In this case, x� is dropped, x ishe h
replaced by x� , and the process is restarted.h

� Ž � . Ž .c. If upon reflecting x to x we discover that f x � f x for all i�h,h h h i
� Ž � .then replacing x by x would leave f x as the maximum in the newh h h

simplex. In this case, a new x is defined to be either the old x or x� ,h h h
whichever has the lower value. A point x� is then found such thathc

x� yx s� x yx ,Ž .hc c h c

that is,

x� s� x q 1y� x ,Ž .hc h c

Ž .where � 0���1 is a contraction coefficient given by

� � �x yx 2hc c
�s .

� �x yx 2h c

Next, x� is substituted for x and the process is restarted unlesshc h
Ž � . w Ž � .xf x �min f , f x , that is, the contracted point is worse than thehc h h

Ž � .better of f and f x . When such a contraction fails, the size of theh h
simplex is reduced by halving the distance of each point of the simplex
from x , where, if we recall, x is the point generating the lowestl l

1 1Ž . Žfunction value. Thus x is replaced by x q x yx , that is, by x qi l i l i2 2
.x . The process is then restarted with the new reduced simplex.l
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Figure 8.2. Flow diagram for the Nelder�Mead simplex method. Source: Nelder and Mead
Ž .1965 . Reproduced with permission of Oxford University Press.

Thus at each stage in the minimization process, x , the point ath
which f has the highest value, is replaced by a new point according to
one of three operations, namely, reflection, contraction, and expansion.
As an aid to illustrating this step-by-step procedure, a flow diagram is
shown in Figure 8.2. This flow diagram is similar to one given by Nelder

Ž .and Mead 1965, page 309 . Figure 8.2 lists the explanations of steps 1
through 6.

The criterion used to stop the search procedure is based on the
variation in the function values over the simplex. At each step, the
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standard error of these values in the form

1r22kq1Ý f y fŽ .is1 i
ss

k

is calculated and compared with some preselected value d, where
f , f , . . . , f denote the function values at the vertices of the simplex1 2 kq1

kq1 Ž .at hand and fsÝ f r kq1 . The search is halted when s�d. Theis1 i
reasoning behind this criterion is that when s�d, all function values
are very close together. This hopefully indicates that the points of the
simplex are near the minimum.

Ž .Bunday 1984 provided the listing of a computer program which can be
used to implement the steps described in the flow diagram.

Ž .Olsson and Nelson 1975 demonstrated the usefulness of this method by
using it to solve six minimization problems in statistics. The robustness of the
method itself and its advantages relative to other minimization techniques

Ž .were reported in Nelson 1973 .

8.2.2. Price’s Controlled Random Search Procedure

Ž .The controlled random search procedure was introduced by Price 1977 . It is
Ž .capable of finding the absolute or global minimum of a function within a

constrained region R. It is therefore well suited for a multimodal function,
that is, a function that has several local minima within the region R.

The essential features of Price’s algorithm are outlined in the flow diagram
of Figure 8.3. A predetermined number, N, of trial points are randomly
chosen inside the region R. The value of N must be greater than k, the
number of variables. The corresponding function values are obtained and
stored in an array A along with the coordinates of the N chosen points. At
each iteration, kq1 distinct points, x , x , . . . , x , are chosen at random1 2 kq1
from the N points in storage. These kq1 points form a simplex in a

Žk-dimensional space. The point x is arbitrarily taken as the pole desig-kq1
.nated vertex of the simplex, and the next trial point x is obtained as thet

Ž .image reflection point of the pole with respect to the centroid x of thec
remaining k points. Thus

x s2x yx .t c kq1

The point x must satisfy the constraints of the region R. The value of thet
function f at x is then compared with f , the largest function value int max

Ž .storage. Let x denote the point at which f is achieved. If f x � f ,max max t max
then x is replaced in the array A by x . If x fails to satisfy the constraintsmax t t

Ž .of the region R, or if f x � f , then x is discarded and a new point ist max t
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Ž .Figure 8.3. A flow diagram for Price’s procedure. Source: Price 1977 . Reproduced with
permission of Oxford University Press.



OPTIMIZATION IN STATISTICS338

chosen by following the same procedure as the one used to obtain x . As thet
algorithm proceeds, the N points in storage tend to cluster around points at
which the function values are lower than the current value of f . Price didmax
not specify a particular stopping rule. He left it to the user to do so. A
possible stopping criterion is to terminate the search when the N points in
storage cluster in a small region of the k-dimensional space, that is, when
f and f are close together, where f is the smallest function value inmax min min
storage. Another possibility is to stop after a specified number of function
evaluations have been made. In any case, the rate of convergence of the
procedure depends on the value of N, the complexity of the function f , the
nature of the constraints, and the way in which the set of trial points is
chosen.

Price’s procedure is simple and does not necessarily require a large value
of N. It is sufficient that N should increase linearly with k. Price chose, for
example, the value Ns50 for ks2. The value Ns10k has proved useful
for many functions. Furthermore, the region constraints can be quite com-
plex. A FORTRAN program for the implementation of Price’s algorithm was

Ž .written by Conlon 1991 .

8.2.3. The Generalized Simulated Annealing Method

This method derives its name from the annealing of metals, in which many
Ž .final crystalline configurations corresponding to different energy states are

Žpossible, depending on the rate of cooling see Kirkpartrick, Gelatt, and
. Ž .Vechhi, 1983 . The method can be applied to find the absolute or global

optimum of a multimodal function f within a constrained region R in a
k-dimensional space.

Ž .Bohachevsky, Johnson, and Stein 1986 presented a generalization of the
method of simulated annealing for function optimization. The following is a

Ždescription of their algorithm for function minimization a similar one can be
.used for function maximization : Let f be some tentative estimate of them

minimum of f over the region R. The method proceeds according to the
Žfollowing steps reproduced with permission of the American Statistical

.Association :

1. Select an initial point x in R. This point can be chosen at random or0
specified depending on available information.

Ž . � �2. Calculate f s f x . If f y f �� , where � is a specified small0 0 0 m
constant, then stop.

3. Choose a random direction of search by generating k independent
standard normal variates z , z , . . . , z ; then compute the elements of1 2 k

Ž .the random vector us u , u , . . . , u �, where1 2 k

zi
u s , is1, 2, . . . , k ,i 1r22 2 2z qz q 			qzŽ .1 2 k

and k is the number of variables in the function.
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4. Set x sx q
 r u, where 
 r is the size of a step to be taken in the1 0
direction of u. The magnitude of 
 r depends on the properties of the
objective function and on the desired accuracy.

5. If x does not belong to R, return to step 3. Otherwise, compute1
Ž .f s f x and 
 fs f y f .1 1 1 0

� �6. if f F f , set x sx and f s f . If f y f �� , stop. Otherwise, go to1 0 0 1 0 1 0 m
step 3.

Ž g .7. If f � f , set a probability value given by psexp y� f 
 f , where �1 0 0
Ž .is a positive number such that 0.50�exp y� 
 f �0.90, and g is an

arbitrary negative number. Then, generate a random number ® from
Ž .the uniform distribution U 0, 1 . If ®Gp, go to step 3. Otherwise, if

®�p, set x sx , f s f , and go to step 3.0 1 0 1

Ž .From steps 6 and 7 we note that beneficial steps that is, f F f are1 0
Ž .accepted unconditionally, but detrimental steps f � f are accepted accord-1 0

ing to a probability value p described in step 7. If ®�p, then the step leading
to x is accepted; otherwise, it is rejected and a step in a new random1
direction is attempted. Thus the probability of accepting an increment of f
depends on the size of the increment: the larger the increment, the smaller
the probability of its acceptance.

Several possible values of the tentative estimate f can be attempted. Form
a given f we proceed with the search until fy f becomes negative. Then,m m
we decrease f , continue the search, and repeat the process when necessary.m
Bohachevsky, Johnson, and Stein gave an example in optimal design theory
to illustrate the application of their algorithm.

Ž .Price’s 1977 controlled random search algorithm produces results compa-
rable to those of simulated annealing, but with fewer tuning parameters. It is
also better suited for problems with constrained regions.

8.3. OPTIMIZATION TECHNIQUES IN RESPONSE
SURFACE METHODOLOGY

Ž .Response surface methodology RSM is an area in the design and analysis of
experiments. It consists of a collection of techniques that encompasses:

1. Conducting a series of experiments based on properly chosen settings
of a set of input variables, denoted by x , x , . . . , x , that influence a1 2 k
response of interest y. The choice of these settings is governed by
certain criteria whose purpose is to produce adequate and reliable
information about the response. The collection of all such settings
constitutes a matrix D of order n�k, where n is the number of
experimental runs. The matrix D is referred to as a response surface
design.
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2. Determining a mathematical model that best fits the data collected
Ž .under the design chosen in 1 . Regression techniques can be used to

evaluate the adequacy of fit of the model and to conduct appropriate
tests concerning the model’s parameters.

3. Determining optimal operating conditions on the input variables that
Ž .produce maximum or minimum response value within a region of

interest R.

This last aspect of RSM can help the experimenter in determining the best
combinations of the input variables that lead to desirable response values.
For example, in drug manufacturing, two drugs are tested with regard to
reducing blood pressure in humans. A series of clinical trials involving a
certain number of high blood pressure patients is set up, and each patient
is given some predetermined combination of the two drugs. After a period of
time the patient’s blood pressure is checked. This information can be used to
find the specific combination of the drugs that results in the greatest
reduction in the patient’s blood pressure within some specified time interval.

In this section we shall describe two well-known optimum-seeking proce-
Ž .dures in RSM. These include the method of steepest ascent or descent and

ridge analysis.

8.3.1. The Method of Steepest Ascent

This is an adaptation of the method described in Section 8.1.1 to a response
surface environment; here the objective is to increase the value of a certain
response function.

The method of steepest ascent requires performing a sequence of sets of
trials. Each set is obtained as a result of proceeding sequentially along a path
of maximum increase in the values of a given response y, which can be
observed in an experiment. This method was first introduced by Box and

Ž .Wilson 1951 for the general area of RSM.
The procedure of steepest ascent depends on approximating a response

surface with a hyperplane in some restricted region. The hyperplane is
represented by a first-order model which can be fitted to a data set obtained
as a result of running experimental trials using a first-order design such as a
complete 2 k factorial design, where k is the number of input variables in the

wmodel. A fraction of this design can also be used if k is large see, for
Ž .xexample, Section 3.3.2 in Khuri and Cornell 1996 . The fitted first-order

model is then used to determine a path along which one may initially observe
increasing response values. However, due to curvature in the response
surface, the initial increase in the response will likely be followed by a
leveling off, and then a decrease. At this stage, a new series of experiments is

Ž .performed using again a first-order design and the resulting data are used
to fit another first-order model. A new path is determined along which
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increasing response values may be observed. This process continues until it
becomes evident that little or no additional increase in the response can be
gained.

Let us now consider more specific details of this sequential procedure. Let
Ž .y x be a response function that depends on k input variables, x , x , . . . , x ,1 2 k

which form the elements of a vector x. Suppose that in some restricted region
Ž .y x is adequately represented by a first-order model of the form

k

y x s� q � x q� , 8.8Ž . Ž .Ý0 i i
is1

where � , � , . . . , � are unknown parameters and � is a random error. This0 1 k
Žmodel is fitted using data collected under a first-order design for example, a

k .2 factorial design or a fraction thereof . The data are utilized to calculate
ˆ ˆ ˆthe least-squares estimates � , � , . . . , � of the model’s parameters. These0 1 k

ˆ y1Ž . w xare elements of �s X�X X�y, where Xs 1 : D with 1 being a vector ofn n
ones of order n�1, D is the design matrix of order n�k, and y is the
corresponding vector of response values. It is assumed that the random
errors associated with the n response values are independently distributed
with means equal to zero and a common variance � 2. The predicted

Ž .response y x is then given byˆ
k

ˆ ˆy x s� q � x . 8.9Ž . Ž .ˆ Ý0 i i
is1

The input variables are coded so that the design center coincides with the
origin of the coordinates system.

The next step is to move a distance of r units away from the design center
Ž .or the origin such that a maximum increase in y can be obtained. Toˆ
determine the direction to be followed to achieve such an increase, we need

Ž . k 2 2to maximize y x subject to the constraint Ý x s r using the method ofˆ is1 i
Lagrange multipliers. Consider therefore the function

k k
2 2ˆ ˆQ x s� q � x y� x y r , 8.10Ž . Ž .Ý Ý0 i i iž /

is1 is1

where � is a Lagrange multiplier. Setting the partial derivatives of Q equal to
zero produces the equations

1 ˆx s � , is1, 2, . . . , k .i i2�

For a maximum, � must be positive. Using the equality constraint, we
conclude that

1r2k1
2ˆ�s � .Ý iž /2 r is1
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A local maximum is then achieved at the point whose coordinates are given
by

ˆr�i
x s , is1, 2, . . . , k ,i 1r2k 2ˆÝ �Ž .is1 i

which can be written as

x s re , is1, 2, . . . , k , 8.11Ž .i i

ˆ k ˆ2 y1r2Ž . Ž .where e s� Ý � , is1, 2, . . . , k. Thus es e , e , . . . , e � is a uniti i is1 i 1 2 k
ˆ ˆ ˆŽ . Ž .vector in the direction of � , � , . . . , � �. Equations 8.11 indicate that at a1 2 k

distance of r units away from the origin, a maximum increase in y occursˆ
along a path in the direction of e. Since this is the only local maximum on the
hypersphere of radius r, it must be the absolute maximum.

Ž .If the actual response value that is, the value of y at the point xs re
exceeds its value at the origin, then a move along the path determined by e is
in order. A series of experiments is then conducted to obtain response values
at several points along the path until no additional increase in the response is
evident. At this stage, a new first-order model is fitted using data collected
under a first-order design centered at a point in the vicinity of the point at
which that first drop in the response was observed along the path. This model

Ž .leads to a new direction similar to the one given by formula 8.11 . As before,
a series of experiments are conducted along the new path until no further
increase in the value of y can be observed. The process of moving along
different paths continues until it becomes evident that little or no additional
increase in y can be gained. This usually occurs when the first-order model
becomes inadequate as the method progresses, due to curvature in the
response surface. It is therefore necessary to test each fitted first-order
model for lack of fit at every stage of the process. This can be accomplished
by taking repeated observations at the center of each first-order design and
at possibly some other design points in order to obtain an independent

westimate of the error variance that is needed for the lack of fit test see, for
Ž .xexample, Sections 2.6 and 3.4 in Khuri and Cornell 1996 . If the lack of fit

test is significant, indicating an inadequate model, then the process is
stopped and a more elaborate experiment must be conducted to fit a
higher-order model, as will be seen in the next section.

Examples that illustrate the application of the method of steepest ascent
Ž . Ž .can be found in Box and Wilson 1951 , Bayne and Rubin 1986, Section 5.2 ,

Ž . Ž .Khuri and Cornell 1996, Chapter 5 , and Myers and Khuri 1979 . In the last
reference, the authors present a stopping rule along a path that takes into
account random error variation in the observed response. We recall that a
search along a path is discontinued as soon as a drop in the response is first
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observed. Since response values are subject to random error, the decision to
stop can be premature due to a false drop in the observed response. The

Ž .stopping rule by Myers and Khuri 1979 protects against taking too many
Žobservations along a path when in fact the true mean response that is, the

.mean of y is decreasing. It also protects against stopping prematurely when
the true mean response is increasing.

It should be noted that the procedure of steepest ascent is not invariant
with respect to the scales of the input variables x , x , . . . , x . This is evident1 2 k
from the fact that a path taken by the procedure is determined by the

ˆ ˆ ˆ w Ž .xleast-squares estimates � , � , . . . , � see equations 8.11 , which depend on1 2 k
the scales of the x ’s.i

There are situations in which it is of interest to determine conditions that
lead to a decrease in the response, instead of an increase. For example, in a
chemical investigation it may be desired to decrease the level of impurity or
the unit cost. In this case, a path of steepest descent will be needed. This can
be accomplished by changing the sign of the response y, followed by an
application of the method of steepest ascent. Thus any steepest descent
problem can be handled by the method of steepest ascent.

8.3.2. The Method of Ridge Analysis

The method of steepest ascent is most often used as a maximum-region-seek-
ing procedure. By this we mean that it is used as a preliminary tool to get
quickly to the region where the maximum of the mean response is located.
Since the first-order approximation of the mean response will eventually
break down, a better estimate of the maximum can be obtained by fitting a
second-order model in the region of the maximum. The method of ridge

Ž .analysis, which was introduced by Hoerl 1959 and formalized by Draper
Ž .1963 , is used for this purpose.

Let us suppose that inside a region of interest R, the true mean response
is adequately represented by the second-order model

k ky1 k k
2y x s� q � x q � x x q � x q� , 8.12Ž . Ž .Ý Ý Ý Ý0 i i i j i j i i i

is1 is1 js2 is1

i�j

where the � ’s are unknown parameters and � is a random error with mean
2 Ž .zero and variance � . Model 8.12 can be written as

y x s� qx��qx�Bxq� , 8.13Ž . Ž .0
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Ž .where �s � , � , . . . , � � and B is a symmetric k�k matrix of the form1 2 k

1 1 1� � � 			 �11 12 13 1k2 2 2

1 1� � 			 �22 23 2 k2 2
.. . .. . ..Bs ..

1. �ky1 , k2. .
symmetric �k k

Ž .Least-squares estimates of the parameters in model 8.13 can be obtained by
using data collected according to a second-order design. A description of

Žpotential second-order designs can be found in Khuri and Cornell 1996,
.Chapter 4 .

ˆ ˆ ˆLet � , �, and B denote the least-squares estimates of � , �, and B,0 0
Ž .respectively. The predicted response y x inside the region R is then given byˆ

ˆ ˆ ˆy x s� qx��qx�Bx. 8.14Ž . Ž .ˆ 0

The input variables are coded so that the design center coincides with the
origin of the coordinates system.

ŽThe method of ridge analysis is used to find the optimum maximum or
. Ž .minimum of y x on concentric hyperspheres of varying radii inside theˆ

region R. It is particularly useful in situations in which the unconstrained
Ž .optimum of y x falls outside the region R, or if a saddle point occursˆ

inside R.
Ž .Let us now proceed to optimize y x subject to the constraintˆ

k
2 2x s r , 8.15Ž .Ý i

is1

where r is the radius of a hypersphere centered at the origin and is contained
inside the region R. Using the method of Lagrange multipliers, let us
consider the function

k
2 2Fsy x y� x y r , 8.16Ž . Ž .ˆ Ý iž /

is1

where � is a Lagrange multiplier. Differentiating F with respect to xi
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Ž .is1, 2, . . . , k and equating the partial derivatives to zero, we obtain

� F ˆ ˆ ˆ ˆs2 � y� x q� x q 			q� x q� s0,Ž .11 1 12 2 1k k 1� x1

� F ˆ ˆ ˆ ˆs� x q2 � y� x q 			q� x q� s0,Ž .12 1 22 2 2 k k 2� x2

...
� F ˆ ˆ ˆ ˆs� x q� x q 			q2 � y� x q� s0.Ž .1k 1 2 k 2 k k k k� xk

These equations can be expressed as

1ˆ ˆBy�I xsy � . 8.17Ž .Ž .k 2

Ž . Ž .Equations 8.15 and 8.17 need to be solved for x , x , . . . , x and �. This1 2 k
traditional approach, however, requires calculations that are somewhat in-

Ž .volved. Draper 1963 proposed the following simpler, yet equivalent proce-
dure:

i. Regard r as a variable, but fix � instead.
Ž .ii. Insert the selected value of � in equation 8.17 and solve for x. The

solution is used in steps iii and iv.
Ž � .1r2iii. Compute rs x x .

Ž .iv. Evaluate y x .ˆ

Several values of � can give rise to several stationary points which lie on
the same hypersphere of radius r. This can be seen from the fact that if � is

ˆ Ž .chosen to be different from any eigenvalue of B, then equation 8.17 has a
unique solution given by

y11 ˆ ˆxsy By�I � . 8.18Ž .Ž .k2

Ž .By substituting x in equation 8.15 we obtain

y2 2ˆ ˆ ˆ�� By�I �s4 r . 8.19Ž .Ž .k

Hence, each value of r gives rise to at most 2k corresponding values of �.
The choice of � has an effect on the nature of the stationary point. Some

values of � produce points at each of which y has a maximum. Other valuesˆ
of � cause y to have minimum values. More specifically, suppose that � andˆ 1
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Ž .� are two values substituted for � in equation 8.18 . Let x , x and r , r be2 1 2 1 2
the corresponding values of x and r, respectively. The following results,

Ž .which were established in Draper 1963 , can be helpful in selecting the value
of � that produces a particular type of stationary point:

RESULT 1. If r s r and � �� , then y �y , where y and y are theˆ ˆ ˆ ˆ1 2 1 2 1 2 1 2
Ž .values of y x at x and x , respectively.ˆ 1 2

This result means that for two stationary points that have the same
distance from the origin, y will be larger at the stationary point with theˆ
larger value of �.

RESULT 2. Let M be the matrix of second-order partial derivatives of F
Ž .in formula 8.16 , that is,

ˆMs2 By�I . 8.20Ž .Ž .k

ŽIf r s r , and if M is positive definite for x and is indefinite that is, neither1 2 1
.positive definite nor negative definite for x , then y �y .ˆ ˆ2 1 2

ˆRESULT 3. If � is larger than the largest eigenvalue of B, then the1
Ž .corresponding solution x in formula 8.18 is a point of absolute maximum1
Ž � .1r2for y on a hypersphere of radius r s x x . If, on the other hand, � isˆ 1 1 1 1

ˆsmaller than the smallest eigenvalue of B, then x is a point of absolute1
minimum for y on the same hypersphere.ˆ

On the basis of Result 3 we can select several values of � that exceed the
ˆlargest eigenvalue of B. The resulting values of the k elements of x and y canˆ

be plotted against the corresponding values of r. This produces kq1 plots
Ž .called ridge plots see Myers, 1976, Section 5.3 . They are useful in that an

experimenter can determine, for a particular r, the maximum of y within aˆ
Ž .region R and the operating conditions that is, the elements of x that give

rise to the maximum. Similar plots can be obtained for the minimum of ŷ
ˆŽhere, values of � that are smaller than the smallest eigenvalue of B must be

.chosen . Obviously, the portions of the ridge plots that fall outside R should
not be considered.

EXAMPLE 8.3.1. An experiment was conducted to investigate the effects
of three fertilizer ingredients on the yield of snap beans under field condi-
tions. The fertilizer ingredients and actual amounts applied were nitrogen
Ž . Ž .N , from 0.94 to 6.29 lbrplot; phosphoric acid P O , from 0.59 to 2.972 5

Ž .lbrplot; and potash K O , from 0.60 to 4.22 lbrplot. The response of2
interest is the average yield in pounds per plot of snap beans.
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Five levels of each fertilizer were used. The levels are coded using the
following linear transformations:

X y3.62 X y1.78 X y2.421 2 3
x s , x s , x s .1 2 31.59 0.71 1.07

Here, X , X , and X denote the actual levels of nitrogen, phosphoric acid,1 2 3
and potash, respectively, used in the experiment, and x , x , x the corre-1 2 3
sponding coded values. In this particular coding scheme, 3.62, 1.78, and 2.42
are the averages of the experimental levels of X , X , and X , respectively,1 2 3
that is, they represent the centers of the values of nitrogen, phosphoric acid,
and potash, respectively. The denominators of x , x , and x were chosen so1 2 3
that the second and fourth levels of each X correspond to the values y1i

Ž .and 1, respectively, for x is1, 2, 3 . One advantage of such a codingi
Žscheme is to make the levels of the three fertilizers scale free this is

necessary in general, since the input variables can have different units of
.measurement . The measured and coded levels for the three fertilizers are

shown below:

Ž .Levels of x is1, 2, 3i

Fertilizer y1.682 y1.000 0.000 1.000 1.682

N 0.94 2.03 3.62 5.21 6.29
P O 0.59 1.07 1.78 2.49 2.972 5
K O 0.60 1.35 2.42 3.49 4.222

Combinations of the levels of the three fertilizers were applied according
to the experimental design shown in Table 8.1, in which the design settings
are given in terms of the coded levels. Six center-point replications were run
in order to obtain an estimate of the experimental error variance. This

wparticular design is called a central composite design for a description of this
Ž .xdesign and its properties, see Khuri and Cornell 1996, Section 4.5.3 , which

has the rotatability property. By this we mean that the prediction variance,
w Ž .xthat is, Var y x , is constant at all points that are equidistant from the designˆ

w Ž .center see Khuri and Cornell 1996, Section 2.8.3 for more detailed infor-
x Ž .mation concerning rotatability . The corresponding response yield values

are given in Table 8.1.
Ž .A second-order model of the form given by formula 8.12 was fitted to the

data set in Table 8.1. Thus in terms of the coded variables we have the model

3 3
2y x s� q � x q� x x q� x x q� x x q � x q� . 8.21Ž . Ž .Ý Ý0 i i 12 1 2 13 1 3 23 2 3 i i i

is1 is1
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Table 8.1. The Coded and Actual Settings of the Three Fertilizers
and the Corresponding Response Values

x x x N P O K O Yield y1 2 3 2 5 2

y1 y1 y1 2.03 1.07 1.35 11.28
1 y1 y1 5.21 1.07 1.35 8.44

y1 1 y1 2.03 2.49 1.35 13.19
1 1 y1 5.21 2.49 1.35 7.71

y1 y1 1 2.03 1.07 3.49 8.94
1 y1 1 5.21 1.07 3.49 10.90

y1 1 1 2.03 2.49 3.49 11.85
1 1 1 5.21 2.49 3.49 11.03

y1.682 0 0 0.94 1.78 2.42 8.26
1.682 0 0 6.29 1.78 2.42 7.87
0 y1.682 0 3.62 0.59 2.42 12.08
0 1.682 0 3.62 2.97 2.42 11.06
0 0 y1.682 3.62 1.78 0.60 7.98
0 0 1.682 3.62 1.78 4.22 10.43
0 0 0 3.62 1.78 2.42 10.14
0 0 0 3.62 1.78 2.42 10.22
0 0 0 3.62 1.78 2.42 10.53
0 0 0 3.62 1.78 2.42 9.50
0 0 0 3.62 1.78 2.42 11.53
0 0 0 3.62 1.78 2.42 11.02

Ž .Source: A. I. Khuri and J. A. Cornell 1996 . Reproduced with permission of Marcel Dekker, Inc.

The resulting prediction equation is given by

y x s10.462y0.574 x q0.183 x q0.456 x y0.678 x x q1.183 x xŽ .ˆ 1 2 3 1 2 1 3

q0.233 x x y0.676 x 2q0.563 x 2y0.273 x 2 . 8.22Ž .2 3 1 2 3

Ž . Ž . Ž .Here, y x is the predicted yield at the point xs x , x , x �. Equation 8.22ˆ 1 2 3
ˆŽ .can be expressed in matrix form as in equation 8.14 , where �s

ˆŽ .y0.574, 0.183, 0.456 � and B is the matrix

y0.676 y0.339 0.592
B̂s . 8.23Ž .y0.339 0.563 0.117

0.592 0.117 y0.273
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Ž .The coordinates of the stationary point x of y x satisfy the equationˆ0

� ŷ
sy0.574q2 y0.676 x y0.339 x q0.592 x s0,Ž .1 2 3� x1

� ŷ
s0.183q2 y0.339 x q0.563 x q0.117x s0,Ž .1 2 3� x2

� ŷ
s0.456q2 0.592 x q0.117x y0.273 x s0,Ž .1 2 3� x3

which can be expressed as

ˆ ˆ�q2Bx s0. 8.24Ž .0

Hence,

1 y1ˆ ˆx sy B �s y0.394,y0.364,y0.175 �.Ž .0 2

ˆThe eigenvalues of B are 
 s0.6508, 
 s0.1298, 
 sy1.1678. The matrix1 2 3
B̂ is therefore neither positive definite nor negative definite, that is, x is a0

Ž .saddle point see Corollary 7.7.1 . This point falls inside the experimental
region R, which, in the space of the coded variables x , x , x , is a sphere1 2 3'centered at the origin of radius 3 .

Let us now apply the method of ridge analysis to maximize y inside theˆ
wregion R. For this purpose we choose values of � the Lagrange multiplier in

ˆŽ .xequation 8.16 larger than 
 s0.6508, the largest eigenvalue of B. For each1
Ž .such value of �, equation 8.17 has a solution for x that represents a point of

Ž . Ž .1r2absolute maximum of y x on a sphere of radius rs x�x inside R. Theˆ
results are displayed in Table 8.2. We note that at the point
Ž .y0.558, 1.640, 0.087 , which is located near the periphery of the region R,
the maximum value of y is 13.021. By expressing the coordinates of this pointˆ
in terms of the actual values of the three fertilizers we obtain X s2.7331
lbrplot, X s2.944 lbrplot, and X s2.513 lbrplot. We conclude that a2 3
combination of nitrogen, phosphoric acid, and potash fertilizers at the rates

Table 8.2. Ridge Analysis Values

� 1.906 1.166 0.979 0.889 0.840 0.808 0.784 0.770 0.754 0.745 0.740
x y0.106 y0.170 y0.221 y0.269 y0.316 y0.362 y0.408 y0.453 y0.499 y0.544 y0.5581

x 0.102 0.269 0.438 0.605 0.771 0.935 1.099 1.263 1.426 1.589 1.6402

x 0.081 0.110 0.118 0.120 0.117 0.113 0.108 0.102 0.096 0.089 0.0873

r 0.168 0.337 0.505 0.673 0.841 1.009 1.177 1.346 1.514 1.682 1.734

y 10.575 10.693 10.841 11.024 11.243 11.499 11.790 12.119 12.484 12.886 13.021ˆ
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of 2.733, 2.944, and 2.513 lbrplot, respectively, results in an estimated
maximum yield of snap beans of 13.021 lbrplot.

8.3.3. Modified Ridge Analysis

Ž .Optimization of y x on a hypersphere S by the method of ridge analysis isˆ
justified provided that the prediction variance on S is relatively small.
Furthermore, it is desirable that this variance remain constant on S. If not,
then it is possible to obtain poor estimates of the optimum response,
especially when the dispersion in the prediction variances on S is large. Thus
the reliability of ridge analysis as an optimum-seeking procedure depends
very much on controlling the size and variability of the prediction variance. If

w Ž .xthe design is rotatable, then the prediction variance, Var y x , is constant onˆ
S. It is then easy to attain small prediction variances by restricting the
procedure to hyperspheres of small radii. However, if the design is not

w Ž .xrotatable, then Var y x may vary widely on S, which, as was mentionedˆ
earlier, can adversely affect the quality of estimation of the optimum re-
sponse. This suggests that the prediction variance should be given serious
consideration in the strategy of ridge analysis if the design used is not
rotatable.

Ž .Khuri and Myers 1979 proposed a certain modification to the method of
Ž .ridge analysis: one that optimizes y x subject to a particular constraint onˆ

the prediction variance. The following is a description of their proposed
modification:

Ž .Consider model 8.12 , which can be written as

y x s f� x �q� , 8.25Ž . Ž . Ž .
where

f x s 1, x , x , . . . , x , x x , x x , . . . , x x , x 2 , x 2 , . . . , x 2 �,Ž . Ž .1 2 k 1 2 1 3 ky1 k 1 2 k

�s � , � , � , . . . , � , � , � , . . . , � , � , � , . . . , � �.Ž .0 1 2 k 12 13 ky1 , k 11 22 k k

The predicted response is given by

y x s f� x � , 8.26Ž . Ž . Ž .ˆ ˆ

where � is the least-squares estimator of � , namely,ˆ
y1

�s X�X X�y, 8.27Ž . Ž .ˆ

w Ž . Ž . Ž .xwhere Xs f x , f x , . . . , f x � with x being the vector of design settings1 2 n i
Žat the ith experimental run is1, 2, . . . , n, where n is the number of runs

.used in the experiment , and y is the corresponding vector of n observations.
Since

y1 2Var � s X�X � , 8.28Ž . Ž . Ž .ˆ
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2 Ž .where � is the error variance, then from equation 8.26 , the prediction
variance is of the form

y12Var y x s� f� x X�X f x . 8.29Ž . Ž . Ž . Ž . Ž .ˆ

Ž . Ž .Ž .The number of unknown parameters in model 8.25 is ps kq1 kq2 r2,
where k is the number of input variables. Let � , � , . . . , � denote the1 2 p

Ž .eigenvalues of X�X. Then from equation 8.29 and Theorem 2.3.16 we have

� 2 f� x f x � 2 f� x f xŽ . Ž . Ž . Ž .
FVar y x F ,Ž .ˆ

� �max min

where � and � are, respectively, the smallest and largest of the � ’s.min max i
This double inequality shows that the prediction variance can be inflated if
X�X has small eigenvalues. This occurs when the columns of X are multi-

Ž .collinear see, for example, Myers, 1990, pages 125�126 and Chapter 8 .
Ž .Now, by the spectral decomposition theorem Theorem 2.3.10 , X�XsV�V�,

where V is an orthogonal matrix of orthonormal eigenvectors of X�X and
Ž .�sDiag � , � , . . . , � is a diagonal matrix of eigenvalues of X�X. Equation1 2 p

Ž .8.29 can then be written as

2p f� x vŽ . j2Var y x s� , 8.30Ž . Ž .ˆ Ý
� jjs1

Ž .where v is the jth column of V js1, 2, . . . , p . If we denote the elements ofj
Ž .v by ® , ® , . . . , ® , ® , ® , . . . , ® , ® , ® , . . . , ® , then f� x v canj 0 j 1 j k j 12 j 13 j ky1 k j 11 j 22 j k k j j

be expressed as

f� x v s® qx�� qx�T x, js1, 2, . . . , p , 8.31Ž . Ž .j 0 j j j

Ž .where � s ® , ® , . . . , ® � andj 1 j 2 j k j

1 1 1® ® ® 			 ®11 j 12 j 13 j 1k j2 2 2

1 1® ® 			 ®22 j 23 j 2 k j2 2
.. . .. . .T s , js1, 2, . . . , p..j .

1. ®ky1 k j2. .
symmetric ®k k j

Ž . Ž .We note that the form of f� x v , as given by formula 8.31 , is identical toj
Ž .that of a second-order model. Formula 8.30 can then be written as

2p ® qx�� qx�T xŽ .0 j j j2Var y x s� . 8.32Ž . Ž .ˆ Ý
� jjs1
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Ž . Ž .As was noted earlier, small values of � js1, 2, . . . , p cause y x to haveˆj
large variances.

To reduce the size of the prediction variance within the region explored by
w Ž .xridge analysis, we can consider putting constraints on the portion of Var y xˆ

Ž .that corresponds to � . It makes sense to optimize y x subject to theˆmin
constraints

x�xs r 2 , 8.33Ž .

® qx�� qx�T x Fq , 8.34Ž .0 m m m

where ® , � , and T are the values of ® , �, and T that correspond to � .0 m m m 0 min
Here, q is a positive constant chosen small enough to offset the small value

Ž .of � . Khuri and Myers 1979 suggested that q be equal to the largestmin
� �value taken by ® qx�� qx�T x at the n design points. The rationale0 m m m

behind this rule of thumb is that the prediction variance is smaller at the
design points than at other points in the experimental region.

Ž .The modification suggested by Khuri and Myers 1979 amounts to adding
Ž .the constraint 8.34 to the usual procedure of ridge analysis. In this way,

some control can be maintained on the size of prediction variance during the
optimization process. The mathematical algorithm needed for this con-
strained optimization is based on a technique introduced by Myers and

Ž .Carter 1973 for a dual response system in which a primary second-order
response function is optimized subject to the condition that a constrained
second-order response function takes on some specified or desirable values.

Ž .Here, the primary response is y x and the constrained response is ® qˆ 0 m
x�� qx�T x.m m

Ž .Myers and Carter’s 1973 procedure is based on the method of Lagrange
multipliers, which uses the function

ˆ ˆ ˆ 2Ls� qx��qx�Bxy� ® qx�� qx�T xy� y� x�xy r ,Ž . Ž .0 0 m m m

ˆ ˆ ˆ Ž .where � , �, and B are the same as in model 8.14 , � and � are Lagrange0
� � w Ž .xmultipliers, � is such that � Fq see inequality 8.34 , and r is the radius

of a hypersphere centered at the origin and contained inside a region of
interest R. By differentiating L with respect to x , x , . . . , x and equating1 2 k
the derivatives to zero, we obtain

1ˆ ˆBy�T y�I xs �� y� . 8.35Ž .Ž . Ž .m k m2

Ž .As in the method of ridge analysis, to solve equation 8.35 , values of � and
� are chosen directly in such a way that the solution represents a point of

Ž . Ž .maximum or minimum for y x . Thus for a given value of �, the matrix ofˆ
ˆŽ .second-order partial derivatives of L, namely 2 By�T y�I , is madem k

w Ž . xnegative definite and hence a maximum of y x is achieved by selecting �ˆ
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ˆlarger than the largest eigenvalue of By�T . Values of � smaller than them
ˆ Ž .smallest eigenvalue of By�T should be considered in order for y x toˆm

attain a minimum. It follows that for such an assignment of values for � and
Ž .�, the corresponding solution of equation 8.35 produces an optimum for ŷ

Ž .1r2subject to a fixed rs x�x and a fixed value of ® qx�� qx�T x.0 m m m

EXAMPLE 8.3.2. An attempt was made to design an experiment from
which one could find conditions on concentration of three basic substances
that maximize a certain mechanical modular property of a solid propellant.

ŽThe initial intent was to construct and use a central composite design see
.Khuri and Cornell, 1996, Section 4.5.3 for the three components in the

system. However, certain experimental difficulties prohibited the use of the
design as planned, and the design used led to problems with multicollinearity
as far as the fitting of the second-order model is concerned. The design
settings and corresponding response values are given in Table 8.3.

In this example, the smallest eigenvalue of X�X is � s0.0321. Corre-min
Ž .spondingly, the values of ® , � , and T in inequality 8.34 are ® s0 m m m 0 m

Ž .y0.2935, � s 0.0469, 0.4081, 0.4071 �, andm

0.1129 0.0095 0.2709
T s .0.0095 y0.1382 y0.0148m

0.2709 y0.0148 0.6453

Ž . � �As for q in inequality 8.34 , values of ® qx�� qx�T x were computed0 m m m
at each of the 15 design points in Table 8.3. The largest value was found to

Table 8.3. Design Settings and Response Values for Example 8.3.2

x x x y1 2 3

y1.020 y1.402 y0.998 13.5977
0.900 0.478 y0.818 12.7838
0.870 y1.282 0.882 16.2780

y0.950 0.458 0.972 14.1678
y0.930 y1.242 y0.868 9.2461

0.750 0.498 y0.618 17.0167
0.830 y1.092 0.732 13.4253

y0.950 0.378 0.832 16.0967
1.950 y0.462 0.002 14.5438

y2.150 y0.402 y0.038 20.9534
y0.550 0.058 y0.518 11.0411
y0.450 1.378 0.182 21.2088

0.150 1.208 0.082 25.5514
0.100 1.768 y0.008 33.3793
1.450 y0.342 0.182 15.4341

Ž .Source: Khuri and Myers 1979 . Reproduced with permission of the Ameri-
can Statistical Association.
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Table 8.4. Results of Modified Ridge Analysis

r 0.848 1.162 1.530 1.623 1.795 1.850 1.904 1.935 2.000
� �� 0.006 0.074 0.136 1.139 0.048 0.086 0.126 0.146 0.165

2w Ž .xVar y x r� 1.170 1.635 2.922 3.147 1.305 2.330 3.510 4.177 5.336ˆ
x 0.410 0.563 0.773 0.785 0.405 0.601 0.750 0.820 0.9651
x 0.737 1.015 1.320 1.422 1.752 1.751 1.750 1.752 1.7522
x 0.097 0.063 0.019 0.011 0.000 0.000 0.012 0.015 y0.0303
Ž .y x 22.420 27.780 35.242 37.190 37.042 40.222 42.830 44.110 46.260ˆ

Ž .Source: Khuri and Myers 1979 . Reproduced with permission of the American Statistical
Association.

Table 8.5. Results of Standard Ridge Analysis

r 0.140 0.379 0.698 0.938 1.146 1.394 1.484 1.744 1.944 1.975 2.000
� �� 0.241 0.124 0.104 0.337 0.587 0.942 1.085 1.553 1.958 2.025 2.080

2� r� 1.804 0.477 0.337 3.543 10.718 27.631 36.641 75.163 119.371 127.815 134.735min
2w Ž .xVar y x r� 2.592 1.554 2.104 6.138 14.305 32.787 42.475 83.38 129.834 138.668 145.907ˆ

x 0.037 0.152 0.352 0.515 0.660 0.835 0.899 1.085 1.227 1.249 1.2651

x 0.103 0.255 0.422 0.531 0.618 0.716 0.749 0.845 0.916 0.927 0.9362

x 0.087 0.235 0.431 0.577 0.705 0.858 0.912 1.074 1.197 1.217 1.2323

Ž .y x 12.796 16.021 21.365 26.229 31.086 37.640 40.197 48.332 55.147 56.272 57.176ˆ

Ž .Source: Khuri and Myers 1979 . Reproduced with permission of the American Statistical
Association.

� �be 0.087. Hence, the value of ® qx�� qx�T x should not grow much0 m m m
larger than 0.09 in the experimental region. Furthermore, r in equation
Ž .8.33 must not exceed the value 2, since most of the design points are

Ž .contained inside a sphere of radius 2. The results of maximizing y x subjectˆ
to this dual constraint are given in Table 8.4. For the sake of comparison, the

Žresults of applying the standard procedure of ridge analysis that is, without
.the additional constraint concerning ® qx�� qx�T x are displayed in0 m m m

Table 8.5.
It is clear from Tables 8.4 and 8.5 that the extra constraint concerning

® qx�� qx�T x has profoundly improved the precision of y at the esti-ˆ0 m m m
mated maxima. At a specified radius, the value of y obtained under standardˆ
ridge analysis is higher than the one obtained under modified ridge analysis.
However, the prediction variance values under the latter procedure are much
smaller, as can be seen from comparing Tables 8.4 and 8.5. While the
tradeoff that exists between a high response value and a small prediction
variance is a bit difficult to cope with from a decision making standpoint,
there is a clear superiority of the results displayed in Table 8.4. For example,
one would hardly choose any operating conditions in Table 8.5 that indicate
yG50, due to the accompanying large prediction variances. On the otherˆ

w Ž .x 2hand, Table 8.4 reveals that at radius rs2.000, ys46.26 with Var y x r�ˆ ˆ
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s5.336, while a rival set of coordinates at rs1.744 for standard ridge
w Ž .x 2analysis gives ys48.332 with Var y x r� s83.38.ˆ ˆ

Row 3 of Table 8.5 gives values of � 2r� , which should be comparedmin
with the corresponding values in row 4 of the same table. One can easily see

2 w Ž .x 2that in this example, � r� accounts for a large portion of Var y x r� .ˆmin

8.4. RESPONSE SURFACE DESIGNS

We recall from Section 8.3 that one of the objectives of response surface
methodology is the selection of a response surface design according to a
certain optimality criterion. The design selection entails the specification of
the settings of a group of input variables that can be used as experimental
runs in a given experiment.

The proper choice of a response surface design can have a profound effect
on the success of a response surface exploration. To see this, let us suppose
that the fitted model is linear of the form

ysX�q� , 8.36Ž .

where y is an n�1 vector of observations, X is an n�p known matrix that
depends on the design settings, � is a vector of p unknown parameters, and
� is a vector of random errors in the elements of y. Typically, � is assumed to

Ž 2 . 2have the normal distribution N 0, � I , where � is unknown. In this case,n
ˆthe vector � is estimated by the least-squares estimator �, which is given by

y1
�̂s X�X X�y. 8.37Ž . Ž .

If x , x , . . . , x are the input variables for the model under consideration,1 2 k
Ž .then the predicted response at a point xs x , x , . . . , x � in a region of1 2 k

interest R is written as

ˆy x s f� x � , 8.38Ž . Ž . Ž .ˆ

Ž .where f x is a p�1 vector whose first element is equal to one and whose
remaining py1 elements are functions of x , x , . . . , x . These functions are1 2 k
in the form of powers and cross products of powers of the x ’s up to degree d.i
In this case, the model is said to be of order d. At the uth experimental run,

Ž . Žx s x , x , . . . , x � and the corresponding response value is y usu u1 u1 uk u
. w x1, 2, . . . , n . Then n�k matrix Ds x : x : 			 :x � is the design matrix. Thus1 2 n

by a choice of design we mean the specification of the elements of D.
ˆŽ .If model 8.36 is correct, then � is an unbiased estimator of � and its

variance�covariance matrix is given by

y1 2ˆVar � s X�X � . 8.39Ž . Ž .Ž .
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Ž .Hence, from formula 8.38 , the prediction variance can be written as

y12Var y x s� f� x X�X f x . 8.40Ž . Ž . Ž . Ž . Ž .ˆ

w Ž .xThe design D is rotatable if Var y x remains constant at all points that areˆ
equidistant from the design center, as we may recall from Section 8.3. The
input variables are coded so that the center of the design coincides with the

Ž .origin of the coordinates system see Khuri and Cornell, 1996, Section 2.8 .

8.4.1. First-Order Designs

Ž . Ž .If model 8.36 is of the first order that is, ds1 , then the matrix X is of the
w x wform Xs 1 : D , where 1 is a vector of ones of order n�1 see modeln n

Ž .x8.8 . The input variables can be coded in such a way that the sum of the
elements in each column of D is equal to zero. Consequently, the prediction

Ž .variance in formula 8.40 can be written as

1 y12Var y x s� qx� D�D x . 8.41Ž . Ž . Ž .ˆ
n

Ž .Formula 8.41 clearly shows the dependence of the prediction variance on
the design matrix.

w Ž .xA reasonable criterion for the choice of D is the minimization of Var y x ,ˆ
Ž .y1or equivalently, the minimization of x� D�D x within the region R. To

accomplish this we first note that for any x in the region R,

y1 y12� � � �x� D�D xF x D�D , 8.42Ž . Ž . Ž .2 2

� � Ž .1r2 �Ž .y1 � w k k Ž i j.2 x1r2where x s x�x and D�D s Ý Ý d is the Euclidean2 2 is1 js1
Ž .y1 i j Ž . Ž .norm of D�D with d being its i, j th element i, js1, 2, . . . , k . In-
Ž .equality 8.42 follows from applying Theorems 2.3.16 and 2.3.20. Thus by

�Ž .y1 �choosing the design D so that it minimizes D�D , the quantity2
Ž .y1x� D�D x, and hence the prediction variance, can be reduced throughout

the region R.

�Ž .y1 �Theorem 8.4.1. For a given number n of experimental runs, D�D 2

attains its minimum if the columns d , d , . . . , d of D are such that d� d s0,1 2 k i j
i� j, and d� d is as large as possible inside the region R.i i

w xProof. We have that Ds d : d : 			 : d . The elements of d, are the n1 2 k
Ž .design settings of the input variable x is1, 2, . . . , k . Suppose that thei

region R places the following restrictions on these settings:

d� d Fc2 , is1, 2, . . . , k , 8.43Ž .i i i
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where c is some fixed constant. This means that the spread of the design ini
2 Ž .the direction of the ith coordinate axis is bounded by c is1, 2, . . . , k .i

�

Now, if d denotes the ith diagonal element of D�D, then d sd� di i i i i i
Ž .is1, 2, . . . , k . Furthermore,

1
i id G , is1, 2, . . . , k , 8.44Ž .

dii

i i Ž .y1where d is the ith diagonal element of D�D .
Ž . Ž .To prove inequality 8.44 , let D be a matrix of order n� ky1 obtainedi

Ž .from D by removing its ith column d is1, 2, . . . , k . The cofactor of d ini i i
Ž � .D�D is then det D D . Hence, from Section 2.3.3,i i

det D� DŽ .i ii id s , is1, 2, . . . , k . 8.45Ž .
det D�DŽ .

ŽThere exists an orthogonal matrix E of order k�k whose determinant hasi
.an absolute value of one such that the first column of DE is d and thei i

remaining columns are the same as those of D , that is,i

w xDE s d : D , is1, 2, . . . , k .i i i

w xIt follows that see property 7 in Section 2.3.3

det D�D sdet E� D�DEŽ . Ž .i i

y1� � � � �sdet D D d d yd D D D D d .Ž . Ž .i i i i i i i i i i

Ž .Hence, from 8.45 we obtain

y1y1� � �i id s d yd D D D D d , is1, 2, . . . , k . 8.46Ž . Ž .i i i i i i i i

Ž . Ž . � Ž � .y1 �Inequality 8.44 now follows from formula 8.46 , since d D D D D d G0.i i i i i i
We can therefore write

1r2 1r2k k 12y1 i iD�D G d G .Ž . Ž .Ý Ý2 2diiis1 is1
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Ž .Using the restrictions 8.43 we then have

1r2k 1y1D�D G .Ž . Ý2 4ciis1

Equality is achieved if the columns of D are orthogonal to one another and
2 Ž . i id sc is1, 2, . . . , k . This follows from the fact that d s1rd if and onlyi i i i i

� Ž . Ž .if d D s0 is1, 2, . . . , k , as can be seen from formula 8.46 .i i

Definition 8.4.1. A design for fitting a fist-order model is said to be
orthogonal if its columns are orthogonal to one another. �

ˆŽ .Corollary 8.4.1. For a given number n of experimental runs, Var �i
ˆattains a minimum if and only if the design is orthogonal, where � is thei

Ž .least-squares estimator of � in model 8.8 , is1, 2, . . . , k.i

ˆŽ .Proof. This follows directly from Theorem 8.4.1 and the fact that Var �i
2 i i Ž . Ž .s� d is1, 2, . . . , k , as can be seen from formula 8.39 . �

From Theorem 8.4.1 and Corollary 8.4.1 we conclude that an orthogonal
design for fitting a first-order model has optimal variance properties. An-
other advantage of orthogonal first-order designs is that the effects of the k

Ž . Žinput variables in model 8.8 , as measured by the values of the � ’s isi
.1, 2, . . . , k , can be estimated independently. This is because the off-diagonal

ˆ Ž .elements of the variance�covariance matrix of � in formula 8.39 are zero.
ˆThis means that the elements of � are uncorrelated and hence statistically

independent under the assumption of normality of the random error vector �
Ž .in model 8.36 .

Examples of first-order orthogonal designs are given in Khuri and Cornell
Ž . k1996, Chapter 3 . Prominent among these designs are the 2 factorial design
Žeach input variable has two levels, and the number of all possible combina-

k .tions of these levels is 2 and the Plackett�Burman design, which was
Ž .introduced in Plackett and Burman 1946 . In the latter design, the number

of design points is equal to kq1, which must be a multiple of 4.

8.4.2. Second-Order Designs

Ž .These designs are used to fit second-order models of the form given by 8.12 .
Ž .Ž .Since the number of parameters in this model is ps kq1 kq2 r2, the

Ž .number of experimental runs or design points in a second-order design
must at least be equal to p. The most frequently used second-order designs

k Žinclude the 3 design each input variable has three levels, and the number of
k .all possible combinations of these levels is 3 , the central composite design

Ž .CCD , and the Box�Behnken design.



RESPONSE SURFACE DESIGNS 359

Ž .The CCD was introduced by Box and Wilson 1951 . It is made up of a
factorial portion consisting of a 2k factorial design, an axial portion of k
pairs of points with the ith pair consisting of two symmetric points on the ith

Ž . Ž .coordinate axis is1, 2, . . . , k at a distance of � �0 from the design
Žcenter which coincides with the center of the coordinates system by the

. Ž .coding scheme , and n G1 center-point runs. The values of � and n can0 0
Žbe chosen so that the CCD acquires certain desirable features see, for

. 1r4example, Khuri and Cornell, 1996, Section 4.5.3 . In particular, if �sF ,
where F denotes the number of points in the factorial portion, then the CCD
is rotatable. The choice of n can affect the stability of the prediction0
variance.

Ž .The Box�Behnken design, introduced in Box and Behnken 1960 , is a
subset of a 3k factorial design and, in general, requires many fewer points. It
also compares favorably with the CCD. A thorough description of this design

Ž .is given in Box and Draper 1987, Section 15.4 .
Other examples of second-order designs are given in Khuri and Cornell

Ž .1996, Chapter 4 .

8.4.3. Variance and Bias Design Criteria

We have seen that the minimization of the prediction variance represents an
important criterion for the selection of a response surface design. This
criterion, however, presumes that the fitted model is correct. There are many
situations in which bias in the predicted response can occur due to fitting the
wrong model. We refer to this as model bias.

Ž .Box and Draper 1959, 1963 presented convincing arguments in favor of
recognizing bias as an important design criterion�in certain cases, even
more important than the variance criterion.

Ž .Consider again model 8.36 . The response value at a point xs
Ž .x , x , . . . , x � in a region R is represented as1 2 k

y x s f� x �q� , 8.47Ž . Ž . Ž .

Ž . Ž . Ž .where f� x is the same as in model 8.38 . While it is hoped that model 8.47
is correct, there is always a fear that the true model is different. Let us
therefore suppose that in reality the true mean response at x, denoted by
Ž .� x , is given by

� x s f� x �qg� x � 8.48Ž . Ž . Ž . Ž .

Ž .where the elements of g� x depend on x and consist of powers and cross
products of powers of x , x , . . . , x of degree d��d, with d being the order1 2 k

Ž .of model 8.47 , and � is a vector of q unknown parameters. For a given
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design D of n experimental runs, we then have the model

�sX�qZ� ,

Ž .where � is the vector of true means or expected values of the elements of y
Ž .at the n design points, X is the same as in model 8.36 , and Z is a matrix of

Ž . �order n�q whose uth row is equal to g� x . Here, x denotes the uth rowu u
Ž .of D us1, 2, . . . , n .

Ž . Ž . Ž .At each point x in R, the mean squared error MSE of y x , where y x isˆ ˆ
Ž .the predicted response as given by formula 8.38 , is defined as

2MSE y x sE y x y� x .Ž . Ž . Ž .ˆ ˆ

This can be expressed as

2MSE y x sVar y x qBias y x , 8.49Ž . Ž . Ž . Ž .ˆ ˆ ˆ

w Ž . w Ž .x Ž .where Bias y x sE y x y� x . The fundamental philosophy of Box andˆ ˆ
Ž .Draper 1959, 1963 is centered around the consideration of the integrated

Ž . Ž .mean squared error IMSE of y x . This is denoted by J and is defined inˆ
terms of a k-tuple Riemann integral over the region R, namely,

n�
Js MSE y x dx, 8.50Ž . Ž .ˆH2� R

where �y1 sH dx and � 2 is the error variance. The partitioning ofR
w Ž .x Ž .MSE y x as in formula 8.49 enables us to separate J into two parts:ˆ

n� n�
2Js Var y x dxq Bias y x dxsVqB. 8.51Ž . Ž . Ž .ˆ ˆH H2 2� �R R

The quantities V and B are called the average variance and average squared
Ž .bias of y x , respectively. Both V and B depend on the design D. Thus aˆ

Ž . Ž .reasonable choice of design is one that minimizes 1 V alone, 2 B alone, or
Ž .3 JsVqB.

Ž .Now, using formula 8.40 , V can be written as

y1Vsn� f� x X�X f x dxŽ . Ž . Ž .H
R

y1s tr n X�X � f x f� x dxŽ . Ž . Ž .H½ 5
R

y1s tr n X�X 	 , 8.52Ž . Ž .11
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where

	 s� f x f� x dx.Ž . Ž .H11
R

Ž .As for B, we note from formula 8.37 that

y1ˆE � s X�X X��Ž .Ž .
s�qA� ,

Ž .y1 Ž .where As X�X X�Z. Thus from formula 8.38 we have

E y x s f� x �qA� .Ž . Ž . Ž .ˆ

Ž . Ž .Using the expression for � x in formula 8.48 , B can be written as

n� 2Bs f� x �q f� x A�y f� x �yg� x � dxŽ . Ž . Ž . Ž .H2� R

n� 2s f� x A�yg� x � dxŽ . Ž .H2� R

n�
s �� A�f x yg x f� x Ayg� x � dxŽ . Ž . Ž . Ž .H2� R

n�
s �� A�f x f� x Ayg x f� x AyA�f x g� x qg x g� x � dxŽ . Ž . Ž . Ž . Ž . Ž . Ž . Ž .H2� R

n
s ��
� , 8.53Ž .2�

where


sA�	 Ay	� AyA�	 q	 ,11 12 12 22

	 s� f x g� x dx,Ž . Ž .H12
R

	 s� g x g� x dx.Ž . Ž .H22
R

The matrices 	 , 	 , and 	 are called region moments. By adding and11 12 22
� y1 Ž .subtracting the matrix 	 	 	 from 
 in formula 8.53 , B can be12 11 12

expressed as

n
� y1 y1 y1Bs �� 	 y	 	 	 q Ay	 	 �	 Ay	 	 � . 8.54Ž .Ž . Ž . Ž .22 12 11 12 11 12 11 11 122�
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We note that the design D affects only the second expression inside brackets
Ž .on the right-hand side of formula 8.54 . Thus to minimize B, the design D

should be chosen such that

Ay	y1 	 s0. 8.55Ž .11 12

Ž .y1 Ž .Since As X�X X�Z, a sufficient but not necessary condition for the
minimization of B is

M s	 , M s	 , 8.56Ž .11 11 12 12

Ž . Ž .where M s 1rn X�X, M s 1rn X�Z are the so-called design moments.11 12
Thus a sufficient condition for the minimization of B is the equality of the
design moments, M and M , to the corresponding region moments, 	11 12 11
and 	 .12

The minimization of JsVqB is not possible without the specification of
Ž .�r� . Box and Draper 1959, 1963 showed that unless V is considerably

larger than B, the optimal design that minimizes J has characteristics similar
to those of a design that minimizes just B.

Examples of designs that minimize V alone or B alone can be found in
Ž . Ž .Box and Draper 1987, Chapter 13 , Khuri and Cornell 1996, Chapter 6 ,

Ž .and Myers 1976, Chapter 9 .

8.5. ALPHABETIC OPTIMALITY OF DESIGNS

Ž .Let us again consider model 8.47 , which we now assume to be correct, that
Ž . Ž .is, the true mean response, � x , is equal to f� x �. In this case, the matrix

X�X plays an important role in the determination of an optimal design, since
Ž .y1the elements of X�X are proportional to the variances and covariances of

w Ž .xthe least-squares estimators of the model’s parameters see formula 8.39 .
The mathematical theory of optimal designs, which was developed by

Ž .Kiefer 1958, 1959, 1960, 1961, 1962a, b , is concerned with the choice of de-
Ž .y1signs that minimize certain functions of the elements of X�X . The kernel

of Kiefer’s approach is based on the concept of design measure, which
represents a generalization of the traditional design concept. So far, each of
the designs that we have considered for fitting a response surface model has

Ž .consisted of a set of n points in a k-dimensional space kG1 . Suppose that
Ž .x , x , . . . , x are distinct points of an n-point design mFn with the lth1 2 m

Ž . Ž . Žls1, 2, . . . , m point being replicated n G1 times that is, n repeatedl l
.observations are taken at this point . The design can therefore be regarded as

a collection of points in a region of interest R with the lth point being
Ž . massigned the weight n rn ls1, 2, . . . , m , where nsÝ n . Kiefer general-l ls1 l

ized this setup using the so-called continuous design measure, which is
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Ž .basically a probability measure � x defined on R and satisfies the conditions

� x G0 for all xgR and d� x s1.Ž . Ž .H
R

In particular, the measure induced by a traditional design D with n points is
called a discrete design measure and is denoted by � . It should be noted thatn
while a discrete design measure is realizable in practice, the same is not true
of a general continuous design measure. For this reason, the former design is
called exact and the latter design is called approximate.

By definition, the moment matrix of a design measure � is a symmetric
Ž . w Ž .xmatrix of the form M � s m � , wherei j

m � s f x f x d� x . 8.57Ž . Ž . Ž . Ž . Ž .Hi j i j
R

Ž . Ž . Ž .Here, f x is the ith element of f x in formula 8.47 , is1, 2, . . . , p. For ai
Ž .discrete design measure � , the i, j th element of the moment matrix isn

m1
m � s n f x f x , 8.58Ž . Ž . Ž . Ž .Ýi j n l i l j ln ls1

where m is the number of distinct design points and n is the number ofl
Ž .replications at the lth point ls1, 2, . . . , m . In this special case, the matrix

Ž . Ž .M � reduces to the usual moment matrix 1rn X�X, where X is the same
Ž .matrix as in formula 8.36 .

For a general design measure � , the standardized prediction variance,
Ž .denoted by d x, � , is defined as

y1d x, � s f� x M � f x , 8.59Ž . Ž . Ž . Ž . Ž .

Ž .where M � is assumed to be nonsingular. In particular, for a discrete design
Ž .measure � , the prediction variance in formula 8.40 is equal ton

Ž 2 . Ž .� rn d x, � .n
Let H denote the class of all design measures defined on the region R.

A prominent design criterion that has received a great deal of attention is
Ž .that of D-optimality, in which the determinant of M � is maximized. Thus a

design measure � is D-optimal ifd

det M � s sup det M � . 8.60Ž . Ž . Ž .d
�gH

The rationale behind this criterion has to do with the minimization of the
ˆgeneralized variance of the least-squares estimator � of the parameter vector

ˆ�. By definition, the generalized variance of � is the same as the determi-
ˆnant of the variance�covariance matrix of �. This is based on the fact that
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Ž .under the normality assumption, the content volume of a fixed-level confi-
w Ž .xy1r2dence region on � is proportional to det X�X . The review articles by

Ž . Ž .St. John and Draper 1975 , Ash and Hedayat 1978 , and Atkinson
Ž .1982, 1988 contain many references on D-optimality.

Another design criterion that is closely related to D-optimality is G-
optimality, which is concerned with the prediction variance. By definition, a
design measure � is G-optimal if it minimizes over H the maximumg
standardized prediction variance over the region R, that is,

sup d x, � s inf sup d x, � . 8.61Ž . Ž .Ž . ½ 5g
�gHxgR xgR

Ž .Kiefer and Wolfowitz 1960 showed that D-optimality and G-optimality, as
Ž . Ž .defined by formulas 8.60 and 8.61 , are equivalent. Furthermore, a design

Ž .measure � * is G-optimal or D-optimal if and only if

sup d x, � * sp , 8.62Ž . Ž .
xgR

Ž .where p is the number of parameters in the model. Formula 8.62 can be
conveniently used to determine if a given design measure is D-optimal, since

Ž .in general sup d x, � Gp for any design measure �gH. If equality canxg R
be achieved by a design measure, then it must be G-optimal, and hence
D-optimal.

EXAMPLE 8.5.1. Consider fitting a second-order model in one input
w x Ž .variable x over the region Rs y1, 1 . In this case, model 8.47 takes the

Ž . 2 Ž . Ž 2 .form y x s� q� xq� x q� , that is, f� x s 1, x, x . Suppose that the0 1 11
design measure used is defined as

1 , xsy1, 0, 1,3� x s 8.63Ž . Ž .½ 0 otherwise.

Thus � is a discrete design measure that assigns one-third of the experimen-
tal runs to each of the points y1, 0, and 1. This design measure is
D-optimal. To verify this claim, we first need to determine the values of the

1Ž . Ž .elements of the moment matrix M � . Using formula 8.58 with n rnsl 3
2 2for ls1, 2, 3, we find that m s1, m s0, m s , m s , m s0, and11 12 13 22 233 3

2m s . Hence,33 3

21 0 3

20 0M � s ,Ž . 3

2 203 3

3 0 y3
3y1 0 0M � s .Ž . 2

9y3 0 2
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9 92 4Ž . Ž .By applying formula 8.59 we find that d x, � s3y x q x ,y1FxF1.2 2
Ž . w x Ž .We note that d x, � F3 for all x in y1, 1 with d 0, � s3. Thus

Ž .sup d x, � s3. Since 3 is the number of parameters in the model, thenxg R
Ž .by condition 8.62 we conclude that the design measure defined by formula

Ž .8.63 is D-optimal.

In addition to the D- and G-optimality criteria, other variance-related
design criteria have also been investigated. These include A- and E-optimal-
ity. By definition, a design measure is A-optimal if it maximizes the trace of
Ž .M � . This is equivalent to minimizing the sum of the variances of the

least-squares estimators of the fitted model’s parameters. In E-optimality,
Ž .the smallest eigenvalue of M � is maximized. The rationale behind this

criterion is based on the fact that

f� x f xŽ . Ž .
d x, � F ,Ž .

�min

Ž .as can be seen from formula 8.59 , where � is the smallest eigenvalue ofmin
Ž . Ž .M � . Hence, d x, � can be reduced by maximizing � .min
The efficiency of a design measure �gH with respect to a D-optimal

design is defined as

1rp
det M �Ž .

D-efficiencys ,½ 5sup det M �Ž .� g H

where p is the number of parameters in the model. Similarly, the G-
efficiency of � is defined as

p
G-efficiencys .

sup d x, �Ž .xg R

w xBoth D- and G-efficiency values fall within the interval 0, 1 . The closer
these values are to 1, the more efficient their corresponding designs are.

Ž . ŽLucas 1976 compared several second-order designs such as central compos-
.ite and Box�Behnken designs on the basis of their D- and G-efficiency

values.
Ž .The equivalence theorem of Kiefer and Wolfowitz 1960 can be applied

to construct a D-optimal design using a sequential procedure. This proce-
Ž .dure is described in Wynn 1970, 1972 and goes as follows: Let D denote ann0

initial response surface design with n points, x , x , . . . , x , for which the0 1 2 n0

matrix X�X is nonsingular. A point x is found in the region R such thatn q10

d x , � s sup d x, � ,Ž . Ž .n q1 n n0 0 0
xgR
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where � is the discrete design measure that represents D . By augmentingn n0 0

D with x we obtain the design D . Then, another point x isn n q1 n q1 n q20 0 0 0

chosen such that

d x , � s sup d x, � ,Ž . Ž .n q2 n q1 n q10 0 0
xgR

where � is the discrete design measure that represents D . The pointn q1 n q10 0

x is then added to D to obtain the design D . By continuing thisn q2 n q1 n q20 0 0

process we obtain a sequence of discrete design measures, namely,
Ž .� , � , � , . . . . Wynn 1970 showed that this sequence converges to then n q1 n q20 0 0

D-optimal design � , that is,d

det M � ™det M �Ž .Ž .n qn d0

Ž .as n™�. An example is given in Wynn 1970, Section 5 to illustrate this
sequential procedure.

The four design criteria, A-, D-, E-, and G-optimality, are referred to as
alphabetic optimality. More detailed information about these criteria can be

Ž . Ž . Ž .found in Atkinson 1982, 1988 , Fedorov 1972 , Pazman 1986 , and Silvey
Ž .1980 . Recall that to perform an actual experiment, one must use a discrete
design. It is possible to find a discrete design measure � that approximatesn
an optimal design measure. The approximation is good whenever n is large

Ž .with respect to p the number of parameters in the model .
Ž .Note that the equivalence theorem of Kiefer and Wolfowitz 1960 applies

to general design measures and not necessarily to discrete design measures,
that is, D- and G-optimality criteria are not equivalent for the class of
discrete design measures. Optimal n-point discrete designs, however, can still
be found on the basis of maximizing the determinant of X�X, for example. In
this case, finding an optimal n-point design requires a search involving nk
variables, where k is the number of input variables. Several algorithms have
been introduced for this purpose. For example, the DETMAX algorithm by

Ž . Ž .Mitchell 1974 is used to maximize det X�X . A review of algorithms for
constructing optimal discrete designs can be found in Cook and Nachtsheim
Ž . Ž .1980 see also Johnson and Nachtsheim, 1983 .

One important criticism of the alphabetic optimality approach is that it is
set within a rigid framework governed by a set of assumptions. For example,
a specific model for the response function must be assumed as the ‘‘true’’
model. Optimal design measures can be quite sensitive to this assumption.

Ž .Box 1982 presented a critique to this approach. He argued that in a
response surface situation, it may not be realistic to assume that a model

Ž .such as 8.47 represents the true response function exactly. Some protection
against bias in the model should therefore be considered when choosing a

Ž .response surface design. On the other hand, Kiefer 1975 criticized certain
aspects of the preoccupation with bias, pointing out examples in which the
variance criterion is compromised for the sake of the bias criterion. It follows
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Žthat design selection should be guided by more than one single criterion see
.Kiefer, 1975, page 286; Box, 1982, Section 7 . A reasonable approach is to

Žselect compromise designs that are sufficiently good but not necessarily
.optimal from the viewpoint of several criteria that are important to the user.

8.6. DESIGNS FOR NONLINEAR MODELS

The models we have considered so far in the area of response surface
methodology were linear in the parameters; hence the term linear models.
There are, however, many experimental situations in which linear models do
not adequately represent the true mean response. For example, the growth
of an organism is more appropriately depicted by a nonlinear model. By
definition, a nonlinear model is one of the form

y x sh x, � q� , 8.64Ž . Ž . Ž .
Ž . Ž .where xs x , x , . . . , x � is a vector of k input variables, �s � , � , . . . , � �1 2 k 1 2 p

Ž .is a vector of p unknown parameters, � is a random error, and h x, � is a
known function, nonlinear in at least one element of �. An example of a
nonlinear model is

� x1
h x , � s .Ž .

� qx2

Ž .Here, �s � , � � and � is a nonlinear parameter. This particular model is1 2 2
known as the Michaelis�Menten model for enzyme kinetics. It relates the
initial velocity of an enzymatic reaction to the substrate concentration x.

In contrast to linear models, nonlinear models have not received a great
deal of attention in response surface methodology, especially in the design
area. The main design criterion for nonlinear models is the D-optimality
criterion, which actually applies to a linearized form of the nonlinear model.
More specifically, this criterion depends on the assumption that in some

Ž .neighborhood of a specified value � of �, the function h x, � is approxi-0
Ž .mately linear in �. In this case, a first-order Taylor’s expansion of h x, �

Ž .yields the following approximation of h x, � :

p � h x, �Ž .0
h x, � fh x, � q � y� .Ž . Ž . Ž .Ý0 i i0 �� iis1

Thus if � is close enough to � , then we have approximately the linear model0

p � h x, �Ž .0
z x s � q� , 8.65Ž . Ž .Ý i �� iis1

Ž . Ž . Ž . Žwhere z x sy x yh x, � , and � is the ith element of �s�y� is0 i 0
.1, 2, . . . , p .
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Ž .For a given design consisting of n experimental runs, model 8.65 can be
written in vector form as

zsH � �q� , 8.66Ž . Ž .0

Ž . Ž . Ž .where H � is an n�p matrix whose u, i th element is � h x , � r�� with0 u 0 i
x being the vector of design settings for the k input variables at the uthu

Ž .experimental run is1, 2, . . . , p; us1, 2, . . . , n . Using the linearized form
Ž .given by model 8.66 , a design is chosen to maximize the determinant

w Ž . Ž .x Ždet H� � H � . This is known as the Box�Lucas criterion see Box and0 0
.Lucas, 1959 .

It can be easily seen that a nonlinear design obtained on the basis of the
Box�Lucas criterion depends on the value of � . This is an undesirable0
characteristic of nonlinear models, since a design is supposed to be used for
estimating the unknown parameter vector �. By contrast, designs for linear
models are not dependent on the fitted model’s parameters. Several proce-
dures have been proposed for dealing with the problem of design depen-
dence on the parameters of a nonlinear model. These procedures are

Ž .mentioned in the review article by Myers, Khuri, and Carter 1989 . See also
Ž .Khuri and Cornell 1996, Section 10.5 .

EXAMPLE 8.6.1. Let us again consider the Michaelis�Menten model
Ž .mentioned earlier. The partial derivatives of h x, � with respect to � and1

� are2

� h x , � xŽ .
s ,

�� � qx1 2

� h x , � y� xŽ . 1
s .2�� � qxŽ .2 2

Suppose that it is desired to find a two-point design that consists of the
settings x and x using the Box�Lucas criterion. In this case,1 2

� h x , � � h x , �Ž . Ž .1 0 1 0

�� ��1 2
H � sŽ .0 � h x , � � h x , �Ž . Ž .2 0 2 0

�� ��1 2

x y� x1 10 1
2� qx � qxŽ .20 1 20 1

s ,x y� x2 10 2
2� qx � qxŽ .20 2 20 2
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Ž .where � and � are the elements of � . In this example, H � is a square10 20 0 0
matrix. Hence,

2
det H� � H � s det H �� 4Ž . Ž . Ž .0 0 0

22 2 2� x x x yxŽ .10 1 2 2 1
s . 8.67Ž .4 4

� qx � qxŽ . Ž .20 1 20 2

To determine the maximum of this determinant, let us first equate its partial
derivatives with respect to x and x to zero. It can be verified that the1 2

Ž .solution of the resulting equations that is, the stationary point falls outside
Žthe region of feasible values for x and x both x and x must be1 2 1 2

.nonnegative . Let us therefore restrict our search for the maximum within
�Ž . � 4the region Rs x , x 0Fx Fx , 0Fx Fx , where x is the maxi-1 2 1 max 2 max max

mum allowable substrate concentration. Since the partial derivatives of the
Ž .determinant in formula 8.67 do not vanish in R, then its maximum must be

attained on the boundary of R. On x s0, or x s0, the value of the1 2
determinant is zero. If x sx , then1 max

22 2 2� x x x yxŽ .10 max 2 2 max
det H� � H � s .Ž . Ž .0 0 4 4

� qx � qxŽ . Ž .20 max 20 2

It can be verified that this function of x has a maximum at the point2
Ž .x s� x r 2� qx with a value given by2 20 max 20 max

� 2 x6
10 max

max det H� � H � s . 8.68� 4Ž . Ž . Ž .0 0 62x sx 16� � qx1 max Ž .20 20 max

Similarly, if x sx , then2 max

22 2 2� x x x yxŽ .10 max 1 max 1
det H� � H � s ,Ž . Ž .0 0 4 4

� qx � qxŽ . Ž .20 1 20 max

Ž .which attains the same maximum value as in formula 8.68 at the point
Ž .x s � x r 2� q x . We conclude that the maximum of1 20 max 20 max

w Ž . Ž .xdet H� � H � over the region R is achieved when x sx and x s0 0 1 max 2
Ž . Ž .� x r 2� qx , or when x s� x r 2� qx and x sx .20 max 20 max 1 20 max 20 max 2 max

We can clearly see in this example the dependence of the design settings
on � , but not on � . This is attributed to the fact that � appears linearly in2 1 1
the model, but � does not. In this case, the model is said to be partially2
nonlinear. Its D-optimal design depends only on those parameters that do
not appear linearly. More details concerning partially nonlinear models can

Ž .be found in Khuri and Cornell 1996, Section 10.5.3 .
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8.7. MULTIRESPONSE OPTIMIZATION

By definition, a multiresponse experiment is one in which a number of
responses can be measured for each setting of a group of input variables. For
example, in a skim milk extrusion process, the responses, y spercent1
residual lactose and y spercent ash, are known to depend on the input2
variables, x spH level, x s temperature, x sconcentration, and x s time1 2 3 4
Ž .see Fichtali, Van De Voort, and Khuri, 1990 .

As in single-response experiments, one of the objectives of a multire-
sponse experiment is the determination of conditions on the input variables
that optimize the predicted responses. The definition of an optimum in a
multiresponse situation, however, is more complex than in the single-
response case. The reason for this is that when two or more response
variables are considered simultaneously, the meaning of an optimum be-
comes unclear, since there is no unique way to order the values of a

Ž .multiresponse function. To overcome this difficulty, Khuri and Conlon 1981
introduced a multiresponse optimization technique called the generalized
distance approach. The following is an outline of this approach:

Let r be the number of responses, and n be the number of experimental
runs for all the responses. Suppose that these responses can be represented
by the linear models

y sX� q� , is1, 2, . . . , r ,i i i

where y is a vector of observations on the ith response, X is a known matrixi
of order n�p and rank p, � is a vector of p unknown parameters, and � isi i

Ž .a random error vector associated with the ith response is1, 2, . . . , r . It is
w xassumed that the rows of the error matrix � : � : 			 : � are statistically1 2 r

independent with each having a zero mean vector and a common
variance�covariance matrix 
. Note that the matrix X is assumed to be the
same for all the responses.

Let x , x , . . . , x be input variables that influence the r responses. The1 2 k
Ž .predicted response value at a point xs x , x , . . . , x � in a region R for the1 2 k

ˆ ˆ y1Ž . Ž . Ž .ith response is given by y x s f� x � , where � s X�X X�y is the least-î i i i
Ž . Ž .squares estimator of � is1, 2, . . . , r . Here, f� x is of the same form as ai

row of X, except that it is evaluated at the point x. It follows that

y1Var y x s� f� x X�X f x , is1, 2, . . . , r ,Ž . Ž . Ž . Ž .î i i

y1Cov y x , y x s� f� x X�X f x , i� js1, 2, . . . , r ,Ž . Ž . Ž . Ž . Ž .ˆ ˆi j i j

Ž .where � is the i, j th element of 
. The variance�covariance matrix ofi j
Ž . w Ž . Ž . Ž .xy x s y x , y x , . . . , y x � is then of the formˆ ˆ ˆ ˆ1 2 r

y1Var y x s f� x X�X f x 
 .Ž . Ž . Ž . Ž .ˆ
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ˆSince � is in general unknown, an unbiased estimator, �, of � can be used
instead, where

1 y1
�̂s Y� I yX X�X X� Y,Ž .nnyp

ˆw xand Ys y : y : ��� : y . The matrix � is nonsingular provided that Y is of1 2 r
w Ž .xrank rFnyp. An estimate of Var y x is then given byˆ

$ y1 ˆVar y x s f� x X�X f x � . 8.69Ž . Ž . Ž . Ž . Ž .ˆ

Ž .Let � denote the optimum value of y x optimized individually over theˆi i
Ž . Ž .region R is1, 2, . . . , r . Let �s � , � , . . . , � �. These individual optima1 2 r

do not in general occur at the same location in R. To achieve a compromise
w Ž . xoptimum, we need to find x that minimizes � y x , � , where � is someˆ

Ž .metric that measures the distance of y x from �. One possible choice for �ˆ
is the metric

1r2$ y1
� y x , � s y x y� � Var y x y x y� ,Ž . Ž . Ž . Ž .ˆ ˆ ˆ ˆ� 4

Ž .which, by formula 8.69 , can be written as

1r2y1ˆy x y� �� y x y�Ž . Ž .ˆ ˆ
� y x , � s . 8.70Ž . Ž .ˆ y1f� x X�X f xŽ . Ž . Ž .

Ž .We note that �s0 if and only if y x s�, that is, when all the responsesˆ
attain their individual optima at the same point; otherwise, ��0. Such a

Ž .point if it exists is called a point of ideal optimum. In general, an ideal
optimum rarely exists.

In order to have conditions that are as close as possible to an ideal
optimum, we need to minimize � over the region R. Let us suppose that the
minimum occurs at the point x gR. Then, at x the experimental conditions0 0
can be described as being near optimal for each of the r response functions.
We therefore refer to x as a point of compromise optimum.0

Ž .Note that the elements of � in formula 8.70 are random variables since
Ž . Ž . Ž .they are the individual optima of y x , y x , . . . , y x . If the variationˆ ˆ ˆ1 2 r

associated with � is large, then the metric � may not accurately measure the
Ž .deviation of y x from the true ideal optimum. In this case, some accountˆ

should be taken of the randomness of � in the development of the metric.
Ž .To do so, let �s � , � , . . . , � �, where � is the optimum value of the true1 2 r i

Žmean of the ith response optimized individually over the region R is
.1, 2, . . . , r . Let D be a confidence region for � . For a fixed xgR and�

whenever �gD , we obviously have�

� y x , � F max � y x , � . 8.71Ž . Ž . Ž .ˆ ˆ
�gD�
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w Ž . xThe right-hand side of this inequality serves as an upper bound on � y x , � ,ˆ
Ž .which represents the distance of y x from the true ideal optimum. It followsˆ

that

min � y x , � F min max � y x , � . 8.72Ž . Ž . Ž .ˆ ˆ½ 5
xgR xgR �gD�

The right-hand side of this inequality provides a conservative measure of
distance between the compromise and ideal optima.

The confidence region D can be determined in a variety of ways. Khuri�

Ž .and Conlon 1981 considered a rectangular confidence region of the form

� F� F� , is1, 2, . . . , r ,1 i i 2 i

where

� s� yg � MS1r2 t ,Ž .1 i i i i i �r2 , nyp
8.73Ž .

1r2� s� qg � MS t ,Ž .2 i i i i i �r2 , nyp

where MS is the error mean square for the ith response, � is the point ati i
Ž . Ž .which y x attains the individual optimum � , t is the upper �r2 �î i �r2, nyp

100th percentile of the t-distribution with nyp degrees of freedom, and
Ž .g � is given byi i

1r2y1g � s f� � X�X f � , is1, 2, . . . , r .Ž . Ž . Ž . Ž .i i i i

Ž .Khuri and Conlon 1981 showed that such a rectangular confidence region
has approximately a confidence coefficient of at least 1y�*, where �*s1

Ž . ry 1y� .
It should be noted that the evaluation of the right-hand side of inequality

Ž . w Ž . x8.72 requires that � y x , � be maximized first with respect to � over Dˆ �

for a given xgR. The maximum value thus obtained, being a function of x, is
then minimized over the region R. A computer program for the implementa-

Ž .tion of this min�max procedure is described in Conlon and Khuri 1992 .
A complete electronic copy of the code, along with examples, can be
downloaded from the Internet at ftp:rrftp.stat.ufl.edurpubrmr.tar.Z.

Numerical examples that illustrate the application of the generalized
distance approach for multiresponse optimization can be found in Khuri and

Ž . Ž .Conlon 1981 and Khuri and Cornell 1996, Chapter 7 .

8.8. MAXIMUM LIKELIHOOD ESTIMATION
AND THE EM ALGORITHM

Ž .We recall from Section 7.11.2 that the maximum likelihood ML estimates of
a set of parameters, � , � , . . . , � , for a given distribution maximize the1 2 p
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likelihood function of a sample, X , X , . . . , X , of size n from the distribu-1 2 n
ˆ ˆ ˆtion. The ML estimates of the � ’s denoted by � , � , . . . , � , can be found byi 1 2 p

Žsolving the likelihood equations the likelihood function must be differen-
.tiable and unimodal

ˆ� log L x, �Ž .
s0, is1, 2, . . . , p , 8.74Ž .

�� i

ˆ ˆ ˆ ˆŽ . Ž . Ž . Ž .where �s � , � , . . . , � �, xs x , x , . . . , x �, and L x, � s f x, � with1 2 p 1 2 n
Ž . Ž .f x, � being the density function or probability mass function of Xs
Ž . Ž . n Ž .X , X , . . . , X �. Note that f x, � can be written as Ł g x , � , where1 2 n is1 i
Ž . Ž .g x, � is the density function or probability mass function associated with

the distribution.
Ž .Equations 8.74 may not have a closed-form solution. For example,

consider the so-called truncated Poisson distribution whose probability mass
Ž .function is of the form see Everitt, 1987, page 29

ey�� x

g x , � s , xs1, 2, . . . . 8.75Ž . Ž .y�1ye x!Ž .

In this case,

n

log L x, � s log g x , �Ž . Ž .Ł i
is1

n n
y�syn�q log � x y log x !yn log 1ye .Ž . Ž .Ý Ýi i

is1 is1

Hence,

n y�� L* x, � 1 neŽ .
synq x y , 8.76Ž .Ý i y��� � 1yeis1

Ž . Ž .where L* x, � s log L x, � is the log-likelihood function. The likelihood
Ž .equation, which results from equating the right-hand side of formula 8.76 to

zero, has no closed-form solution for � .
Ž .In general, if equations 8.74 do not have a closed-form solution, then, as

Ž .was seen in Section 8.1, iterative methods can be applied to maximize L x, �
w Ž .x Žor L* x, � . Using, for example, the Newton�Raphson method see Section

ˆ ˆ.8.1.2 , if � is an initial estimate of � and � is the estimate at the ith0 i
Ž .iteration, then by applying formula 8.7 we have

ˆ ˆ y1 ˆ ˆ� s� yH x, � �L* x, � , is0, 1,2, . . . ,Ž . Ž .iq1 i L* i i
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Ž . Ž .where H x, � and �L* x, � are, respectively, the Hessian matrix andL*
gradient vector of the log-likelihood function. Several iterations can be made
until a certain convergence criterion is satisfied. A modification of this
procedure is the so-called Fisher’s method of scoring, where H is replacedL*
by its expected value, that is,

y1
ˆ ˆ ˆ ˆ� s� y E H x, � �L* x, � , is0, 1, 2, . . . . 8.77Ž .Ž . Ž .½ 5iq1 i L* i i

Here, the expected value is taken with respect to the given distribution.

Ž .EXAMPLE 8.8.1. Everitt, 1987, pages 30�31 . Consider the truncated
Ž .Poisson distribution described in formula 8.75 . In this case, since we only

Ž . Ž .have one parameter � , the gradient takes the form �L* x, � s� L* x, � r�� ,
Ž .which is given by formula 8.76 . Hence, the Hessian matrix is

� 2L* x, �Ž .
H x, � sŽ .L* 2��

n y�1 ne
sy x q .Ý i2 2y�� 1yeŽ .is1

Furthermore, if X denotes the truncated Poisson random variable, then

� y� xxe �
E X sŽ . Ý y�1ye x!Ž .xs1

�
s .y�1ye

Thus

2� L* x, �Ž .
E H x, � sEŽ .L* 2��

1 n� ney�

sy q2 y� 2y�� 1ye 1yeŽ .

ney� 1q� ynŽ .
s .2y�� 1yeŽ .

Suppose now we have the sample 1, 2, 3, 4, 5, 6 from this distribution. Let
�̂ s1.5118 be an initial estimate of � . Several iterations are made by0

Ž .applying formula 8.77 , and the results are shown in Table 8.6. The final
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Table 8.6. Fisher’s Method of Scoring for the Truncated Poisson Distribution

2� L* � L*
Iteration � L*2�� ��

1 y685.5137 y1176.7632 1.5118 y1545.5549
2 y62.0889 y1696.2834 0.9293 y1303.3340
3 y0.2822 y1750.5906 0.8927 y1302.1790
4 0.0012 y1750.8389 0.8925 y1302.1792

Ž .Source: Everitt 1987, page 31 . Reproduced with permission of Chapman and Hall, London.

estimate of � is 0.8925, which is considered to be the maximum likelihood
estimate of � for the given sample. The convergence criterion used here is
ˆ ˆ� �� y� �0.001.iq1 i

8.8.1. The EM Algorithm

The EM algorithm is a general iterative procedure for maximum likelihood
estimation in incomplete data problems. This encompasses situations involv-
ing missing data, or when the actual data are viewed as forming a subset of a
larger system of quantities.

Ž .The term EM was introduced by Dempster, Laird, and Rubin 1977 . The
reason for this terminology is that each iteration in this algorithm consists of

Ž .two steps called the expectation step E-step and the maximization step
Ž .M-step . In the E-step, the conditional expectations of the missing data are
found given the observed data and the current estimates of the parameters.
These expected values are then substituted for the missing data and used to
complete the data. In the M-step, maximum likelihood estimation of the
parameters is performed in the usual manner using the completed data.
More generally, missing sufficient statistics can be estimated rather than the
individual missing data. The estimated parameters are then used to reesti-

Ž .mate the missing data or missing sufficient statistics , which in turn lead to
new parameter estimates. This defines an iterative procedure, which can be
carried out until convergence is achieved.

More details concerning the theory of the EM algorithm can be found in
Ž . ŽDempster, Laird, and Rubin 1977 , and in Little and Rubin 1987, Chapter

.7 . The following two examples, given in the latter reference, illustrate the
application of this algorithm:

Ž .EXAMPLE 8.8.2. Little and Rubin, 1987, pages 130�131 . Consider a
sample of size n from a normal distribution with a mean � and a variance
� 2. Suppose that x , x , . . . , x are observed data and that1 2 m

Ž .X , X , . . . , X are missing data. Let x s x , x , . . . , x �. For ismmq1 mq2 n obs 1 2 m
Ž 2 .q1, mq2, . . . , n, the expected value of X given x and �s �, � � is �.i obs

Now, from Example 7.11.3, the log-likelihood function for the complete data
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set is

n nn 1
2 2 2L* x, � sy log 2�� y x y2� x qn� , 8.78Ž . Ž . Ž .Ý Ýi i2 ž /2 2� is1 is1

Ž . n 2 nwhere xs x , x , . . . , x �. We note that Ý X and Ý X are sufficient1 2 n is1 i is1 i
statistics. Therefore, to apply the E-step of the algorithm, we only have to
find the conditional expectations of these statistics given x and the currentobs
estimate of �. We thus have

n m
ˆ�E X � , x s x q nym � , js0, 1, 2, . . . , 8.79Ž . Ž .ˆÝ Ýi j obs i jž /

is1 is1

n m
2 2 2 2ˆ�E X � , x s x q nym � q� , js0, 1, 2, . . . , 8.80Ž . Ž .ˆ ˆÝ Ý ž /i j obs i j jž /

is1 is1

ˆ 2 ˆŽ .where � s � , � � is the estimate of � at the jth iteration with � being anˆ ˆj j j 0
initial estimate.

From Section 7.11 we recall that the maximum likelihood estimates of �
2 Ž . n Ž . n 2and � based on the complete data set are 1rn Ý x and 1rn Ý x yis1 i is1 i

wŽ . n x21rn Ý x . Thus in the M-step, these same expressions are used, exceptis1 i
Ž .that the current expectations of the sufficient statistics in formulas 8.79 and

Ž .8.80 are substituted for the missing data portion of the sufficient statistics.
2 Ž .In other words, the estimates of � and � at the jq1 th iteration are given

by

m1
� s x q nym � , js0, 1,2, . . . , 8.81Ž . Ž .ˆ ˆÝjq1 i jn is1

m1
2 2 2 2 2� s x q nym � q� y� , js0, 1, 2, . . . . 8.82Ž . Ž .ˆ ˆ ˆ ˆÝ ž /jq1 i j j jq1n is1

Ž . Ž .By setting � s� s� and � s� s� in equations 8.81 and 8.82 ,ˆ ˆ ˆ ˆ ˆ ˆj jq1 j jq1
we find that the iterations converge to

m1
�s x ,ˆ Ý im is1

m1
2 2 2� s x y� ,ˆ ˆÝ im is1

which are the maximum likelihood estimates of � and � 2 from x .obs
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The EM algorithm is unnecessary in this example, since the maximum
likelihood estimates of � and � 2 can be obtained explicitly.

Ž .EXAMPLE 8.8.3. Little and Rubin, 1987, pages 131�132 . This example
Ž .was originally given in Dempster, Laird, and Rubin 1977 . It involves a

1 1 1 1 1Ž . Ž .multinomial xs x , x , x , x � with cell probabilities y � , � , � , �,1 2 3 4 2 2 4 4 2
Ž .where 0F�F1. Suppose that the observed data consist of x s 38, 34, 125 �obs

such that x s38, x s34, x qx s125. The likelihood function for the1 2 3 4
complete data is

x qx qx qx !Ž . x x x x1 2 3 4 1 2 3 41 1 1 1 1L x, � s y � � � .Ž . Ž . Ž . Ž . Ž .2 2 4 4 2x ! x ! x ! x !1 2 3 4

The log-likelihood function is of the form

x qx qx qx !Ž .1 2 3 4 1 1L* x, � s log qx log y �Ž . Ž .1 2 2x ! x ! x ! x !1 2 3 4

1 1 1qx log � qx log � qx log .Ž . Ž . Ž .2 3 44 4 2

Ž .By differentiating L* x, � with respect to � and equating the derivative to
zero we obtain

x x x1 2 3
y q q s0.

1y� � �

Hence, the maximum likelihood estimate of � for the complete data set is

x qx2 3
�̂s . 8.83Ž .

x qx qx1 2 3

Let us now find the conditional expectations of X , X , X , X given the1 2 3 4
observed data and the current estimate of � :

ˆ�E X � , x s38,Ž .1 i obs

ˆ�E X � , x s34,Ž .2 i obs

1 ˆ125 �Ž .i4ˆ�E X � , x s ,Ž .3 i obs 1 1 ˆq � i2 4

1125Ž .2ˆ�E X � , x s .Ž .4 i obs 1 1 ˆq � i2 4
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Table 8.7. The EM Algorithm for Example 8.8.3

ˆIteration 	

0 0.500000000
1 0.608247423
2 0.624321051
3 0.626488879
4 0.626777323
5 0.626815632
6 0.626820719
7 0.626821395
8 0.626821484

Ž .Source: Little and Rubin 1987, page 132 . Reproduced
with permission of John Wiley & Sons, Inc.

Ž .Thus at the iq1 st iteration we have

1 1 1ˆ ˆ34q 125 	 r q 	Ž . Ž . Ž .i i4 2 4
	̂ s , 8.84Ž .iq1 1 1 1ˆ ˆ38q34q 125 	 r q 	Ž . Ž . Ž .i i4 2 4

Ž .as can be seen from applying formula 8.83 using the conditional expectation
Ž .of X instead of x . Formula 8.84 can be used iteratively to obtain the3 3

maximum likelihood estimate of 	 on the basis of the observed data. Using
1ˆan initial estimate 	 s , the results of this iterative procedure are given in0 2

ˆ ˆ ˆ Ž .Table 8.7. Note that if we set 	 s	 s	 in formula 8.84 we obtain theiq1 i
quadratic equation,

ˆ2 ˆ197	 y15	y68s0

ˆwhose only positive root is 	s0.626821498, which is very close to the value
obtained in the last iteration in Table 8.7.

8.9. MINIMUM NORM QUADRATIC UNBAISED ESTIMATION
OF VARIANCE COMPONENTS

Consider the linear model
c

ysX�q U � , 8.85Ž .Ý i i
is1

where y is a vector of n observations; � is a vector of fixed effects;
� , � , . . . , � are vectors of random effects; X, U , U , . . . , U are known1 2 c 1 2 c
matrices of constants with � s� , the vector of random errors; and U sI .c c n
We assume that the � ’s are uncorrelated with zero mean vectors andi
variance
covariance matrices � 2 I , where m is the number of columns ofi m ii
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Ž . 2 2 2U is1, 2, . . . , c . The variances � , � , . . . , � are referred to as variancei 1 2 c
Ž .components. Model 8.85 can be written as

ysX�qU� , 8.86Ž .

w x Ž � � � . Ž .where Us U : U : 			 : U , �s � , � , . . . , � �. From model 8.86 we have1 2 c 1 2 c

E y sX� ,Ž .
c 8.87Ž .2Var y s � V ,Ž . Ý i i

is1

with V sU U�.i i i
Let us consider the estimation of a linear function of the variance

components, namely, Ýc a � 2, where the a ’s are known constants, by ais1 i i i
quadratic estimator of the form y�Ay. Here, A is a symmetric matrix to be
determined so that y�Ay satisfies certain criteria, which are the following:

1. Translation In®ariance. If instead of � we consider �s�y� , then0
Ž .from model 8.86 we have

yyX� sX�qU� .0

c 2 Ž . Ž .In this case, Ý a � is estimated by yyX� �A yyX� . Theis1 i i 0 0
estimator y�Ay is said to be translation invariant if

y�Ays yyX� �A yyX� .Ž . Ž .0 0

In order for this to be true we must have

AXs0. 8.88Ž .

Ž . c 2 Ž2. Unbiasedness. E y�Ay sÝ a � . Using a result in Searle 1971, The-is1 i i
.orem 1, page 55 , the expected value of the quadratic form y�Ay is given

by

E y�Ay s� �X�AX�q tr A Var y , 8.89Ž . Ž . Ž .

Ž . Ž . Ž . Ž .since E y sX� . From formulas 8.87 , 8.88 , and 8.89 we then have

c
2E y�Ay s � tr AV . 8.90Ž . Ž . Ž .Ý i i

is1

By comparison with Ýc a � 2, the condition for unbiasedness isis1 i i

a s tr AV , is1, 2, . . . , c. 8.91Ž . Ž .i i
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Ž .3. Minimum Norm. If � , � , . . . , � in model 8.85 were observable, then1 2 c
a natural unbaised estimator of Ýc a � 2 would be Ýc a �� � rm ,is1 i i is1 i i i i

Ž � . Ž 2 . 2since E � � s tr I � sm � , is1, 2, . . . , c. This estimator can bei i m i i ii

written as ��
�, where 
 is the block-diagonal matrix

a a a1 2 c

sDiag I , I , . . . , I .m m m1 2 cž /m m m1 2 c

The difference between this estimator and y�Ay is

y�Ayy��
�s�� U�AUy
 � ,Ž .

since AXs0. This difference can be made small by minimizing the
� �Euclidean norm U�AUy
 .2

The quadratic estimator y�Ay is said to be a minimum norm quadratic
Ž . c 2unbiased estimator MINQUE of Ý a � if the matrix A is deter-is1 i i

� �mined so that U�AUy
 attains a minimum subject to the condi-2
Ž . Ž .tions given in formulas 8.88 and 8.91 . Such an estimator was intro-

Ž .duced by Rao 1971, 1972 .
� � Ž .The minimization of U�AUy
 is equivalent to that of tr AVAV ,2

where VsÝc V . The reason for this is the following:is1 i

2� �U�AUy
 s tr U�AUy
 U�AUy
Ž . Ž .2

s tr U�AUU�AU y2 tr U�AU
 q tr 
2 . 8.92Ž . Ž . Ž . Ž .

Now,

tr U�AU
 s tr AU
U�Ž . Ž .
c ai �s tr A U I UÝ i m iiž /miis1

c ai �s tr AU UÝ i iž /miis1

c ai
s tr AVÝ iž /miis1

c ai
s tr AVŽ .Ý imiis1

c 2ai
s , by 8.91Ž .Ý miis1

s tr 
2 .Ž .
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Ž .Formula 8.92 can then be written as

� � 2 2U�AUy
 s tr U�AUU�AU y tr 
Ž . Ž .2

s tr AVAV y tr 
2 ,Ž . Ž .

since VsÝc V sÝc U U�sUU�. The trace of 
2 does not involve A;is1 i is1 i i
hence the problem of MINQUE reduces to finding A that minimizes
Ž . Ž . Ž . Ž .tr AVAV subject to conditions 8.88 and 8.91 . Rao 1971 showed

that the solution to this optimization problem is of the form

c

As � RV R, 8.93Ž .Ý i i
is1

where

yy1 y1 y1 y1RsV yV X X�V X X�VŽ .

Ž y1 .y y1with X�V X being a generalized inverse of X�V X, and the � ’si
are obtained from solving the equations

c

� tr RV RV sa , js1, 2, . . . , c,Ž .Ý i i j j
is1

which can be expressed as

��Ssa�, 8.94Ž .

Ž . Ž .where �s � , � , . . . , � �, S is the c�c matrix s with s s1 2 c i j i j
Ž . Ž . c 2tr RV RV , and as a , a , . . . , a �. The MINQUE of Ý a � cani j 1 2 c is1 i i

then be written as

c c

y� � RV R ys � y�RV RyÝ Ýi i i iž /
is1 is1

s��q,

Ž . Ž .where qs q , q , . . . , q � with q sy�RV Ry is1, 2, . . . , c . But, from1 2 c i i
Ž . y yformula 8.94 , ��sa�S , where S is a generalized inverse of S.

y Ž 2 2 2 .Hence, ��qsa�S qsa�� , where �s � , � , . . . , � � is a solutionˆ ˆ ˆ ˆ ˆ1 2 c
of the equation

S�sq. 8.95Ž .ˆ

This equation has a unique solution if and only if the individual
Žvariance components are unbiasedly estimable see Rao, 1972, page
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. 2114 . Thus the MINQUEs of the � ’s are obtained from solvingi
Ž .equation 8.95 .

Ž .If the random effects in model 8.85 are assumed to be normally
distributed, then the MINQUEs of the variance components reduce to
the so-called minimum variance quadratic unbiased estimators
Ž .MIVQUEs . An example that shows how to compute these estimators
in the case of a random one-way classification model is given in

Ž . ŽSwallow and Searle 1978 . See also Milliken and Johnson 1984,
.Chapter 19 .

´8.10. SCHEFFE’S CONFIDENCE INTERVALS

Consider the linear model

ysX�q� , 8.96Ž .

where y is a vector of n observations, X is a known matrix of order n�p and
Ž .rand r Fp , � is a vector of unknown parameters, and � is a random error

vector. It is assumed that � has the normal distribution with a mean 0 and a
variance�covariance matrix � 2 I . Let �sa�� be an estimable linear func-n
tion of the elements of �. By this we mean that there exists a linear function

Ž .t�y of y such that E t�y s� , where t is some constant vector. A necessary
and sufficient condition for � to be estimable is that a� belongs to the row

Žspace of X, that is, a� is a linear combination of the rows of X see, for
.example, Searle, 1971, page 181 . Since the rank of X is r, the row space of X,

Ž .denoted by � X , is an r-dimensional subspace of the p-dimensional
p Ž .Euclidean space R . Thus a�� estimable if and only if a�g� X .

Suppose that a� is an arbitrary vector in a q-dimensional subspace LL of
ˆ yŽ . Ž .� X , where qF r. Then a��sa� X�X X�y is the best linear unbiased

estimator of a��, and its variance is given by

y2ˆVar a�� s� a� X�X a,Ž .Ž .

Ž .y Žwhere X�X is a generalized inverse of X�X see, for example, Searle, 1971,
ˆ y. Ž .pages 181�182 . Both a�� and a� X�X a are invariant to the choice of

Ž .y Ž .X�X , since a�� is estimable see, for example, Searle, 1971, page 181 . In
Ž .y Ž .y1particular, if rsp, then X�X is of full rank and X�X s X�X .

Ž .Theorem 8.10.1. Simultaneous 1y� 100% confidence intervals on a��
Ž .for all a�gLL , where LL is a q-dimensional subspace of � X , are of the form

1r2y1r2ˆa��	 q MS F a� X�X a , 8.97Ž . Ž .Ž .E � , q , nyr
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where F is the upper �100th percentile of the F-distribution with q� , q, nyr
and ny r degrees of freedom, and MS is the error mean square given byE

1 y
MS s y� I yX X�X X� y. 8.98Ž . Ž .E nny r

In Theorem 8.10.1, the word ‘‘simultaneous’’ means that with probability
1y� , the values of a�� for all a�gLL satisfy the double inequality

1r2y1r2ˆa��y q MS F a� X�X aŽ .Ž .E � , q , nyr

1r2y1r2ˆFa��Fa��q q MS F a� X�X a . 8.99Ž . Ž .Ž .E � , q , nyr

Ž .A proof of this theorem is given in Scheffe 1959, Section 3.5 . Another proof´
is presented here using the method of Lagrange multipliers. This proof is
based on the following lemma:

� q � 4Lemma 8.10.1. Let C be the set xgR x�AxF1 , where A is a positive
� � Ž y1 .1r2definite matrix of order q�q. Then xgC if and only if l�x F l�A l

for all lgRq.

Proof. Suppose that xgC. Since A is positive definite, the boundary of C
is an ellipsoid in a q-dimensional space. For any lgRq, let e be a unit vector
in its direction. The projection of x on an axis in the direction of l is given by
e�x. Consider optimizing e�x with respect to x over the set C. The minimum
and maximum values of e�x are obviously determined by the end points of the
projection of C on the l-axis. This is equivalent to optimizing e�x subject to
the constraint x�Axs1, since the projection of C on the l-axis is the same as
the projection of its boundary, the ellipsoid x�Axs1. This constrained
optimization problem can be solved by using the method of Lagrange
multipliers.

Ž .Let Gse�xq� x�Axy1 , where � is a Lagrange multiplier. By differenti-
ating G with respect to x , x , . . . , x , where x is the ith element of x1 2 q i
Ž .is1, 2, . . . , q , and equating the derivatives to zero, we obtain the equation

Ž . y1eq2�Axs0, whose solution is xsy 1r2� A e. If we substitute this value
of x into the equation x�Axs1 and then solve for �, we obtain the two

1 1y1 1r2 y1 1r2Ž . Ž .solutions � sy e�A e , � s e�A e . But, e�xsy2�, since x�Ax1 22 2

s1. It follows that the minimum and maximum values of e�x under the
Ž y1 .1r2 Ž y1 .1r2constraint x�Axs1 are y e�A e and e�A e , respectively. Hence,

1r2y1� �e�x F e�A e . 8.100Ž . Ž .

� � � �Since ls l e, where l is the Euclidean norm of l, multiplying the two2 2
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Ž . � �sides of inequality 8.100 by l yields2

1r2y1� �l�x F l�A l . 8.101Ž . Ž .

Ž . qVice versa, if inequality 8.101 is true for all lgR , then by choosing
l�sx�A we obtain

1r2y1� �x�Ax F x�AA Ax ,Ž .

which is equivalent to x�AxF1, that is, xgC. �

Proof of Theorem 8.10.1. Let L be a q�p matrix of rank q whose rows
Ž .form a basis for the q-dimensional subspace LL of � X . Since y in model

2 ˆ yŽ . Ž . Ž .8.96 is distributed as N X�, � I , L�sL X�X X�y is distributed asn
w 2 Ž .y xN L�, � L X�X L� . Thus the random variable

y1yˆ ˆL �y� � L X�X L� L �y�Ž .Ž . Ž .
Fs

q MSE

Žhas the F-distribution with q and ny r degrees of freedom see, for example,
.Searle, 1971, page 190 . It follows that

P FFF s1y� . 8.102Ž .Ž .� , q , nyr

ˆŽ . Ž .By applying Lemma 8.10.1 to formula 8.102 with xsL �y� and As
w Ž .y xy1 Ž .L X�X L� r q MS F we obtain the equivalent probability state-E � , q, nyr
ment

1r2y1r2 qˆP l�L �y� F q MS F l�L X�X L�l �lgR s1y� .Ž .Ž .Ž .½ 5E � , q , nyr

Let a�s l�L. We then have

1r2y1r2ˆP a� �y� F q MS F a� X�X a �a�gLL s1y� .Ž .Ž .Ž .½ 5E � , q , nyr

Ž .We conclude that the values of a�� satisfy the double inequality 8.99 for all
Ž .a�g LL with probability 1y� . Simultaneous 1y� 100% confidence inter-

Ž .vals on a�� are therefore given by formula 8.97 . We refer to these intervals
as Scheffe’s confidence intervals.´

Theorem 8.10.1 can be used to obtain simultaneous confidence intervals
on all contrasts among the elements of �. By definition, the linear function
a�� is a contrast among the elements of � if Ý p a s0, where a is the ithis1 i i

Ž .element of a is1, 2, . . . , p . If a� is in the row space of X, then it must
Ž .belong to a q-dimensional subspace of � X , where qs ry1. Hence, simul-
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Ž .taneous 1y� 100% confidence intervals on all such contrasts can be
Ž .obtained from formula 8.97 by replacing q with ry1. �

8.10.1. The Relation of Scheffe’s Confidence Intervals to the F-Test´
Ž .There is a relationship between the confidence intervals 8.97 and the F-test

used to test the hypothesis H : L�s0 versus H : L��0, where L is the0 a
Ž .matrix whose rows form a basis for the q-dimensional subspace LL of � X .

Ž .The test statistic for testing H is given by see Searle, 1971, Section 5.50

y1yˆ ˆ��L� L X�X L� L�Ž .
Fs ,

q MSE

which under H has the F-distribution with q and ny r degrees of freedom.0
The hypothesis H can be rejected at the �-level of significance if F�0
F . In this case, by Lemma 8.10.1, there exits at least one lgRq such� , q, nyr
that

1r2y1r2ˆ� �l�L� � q MS F l�L X�X L�l . 8.103Ž . Ž .Ž .E � , q , nyr

It follows that the F-test rejects H if and only if there exists a linear0
ˆ qcombination a��, where a�s l�L for some lgR , for which the confidence

ˆŽ .interval in formula 8.97 does not contain the value zero. In this case, a�� is
said to be significantly different from zero.

Ž . qIt is easy to see that inequality 8.103 holds for some lgR if and only if

ˆ 2� �l�L�
sup �q MS F ,y E � , q , nyr

q l�L X�X L�lŽ .lgR

or equivalently,

l�G l1
sup �q MS F , 8.104Ž .E � , q , nyr

q l�G l2lgR

where

ˆˆG sL���L�, 8.105Ž .1

y
G sL X�X L�. 8.106Ž . Ž .2

However, by Theorem 2.3.17,

l�G l1 y1sup se G GŽ .max 2 1
q l�G l2lgR

y1yˆ ˆs��L� L X�X L� L� , 8.107Ž . Ž .
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Ž y1 . y1where e G G is the largest eigenvalue of G G . The second equalitymax 2 1 2 1
y y1 ˆˆŽ . w Ž . xin 8.107 is true because the nonzero eigenvalues of L X�X L� L���L�

ˆ y y1 ˆw Ž . xare the same as those of ��L� L X�X L� L� by Theorem 2.3.9. Note that
the latter expression is the numerator sum of squares of the F-test statistic
for H .0

y1 Ž y1 .The eigenvector of G G corresponding to e G G is of special2 1 max 2 1
interest. Let l* be such an eigenvector. Then

l*�G l*1 y1se G G . 8.108Ž .Ž .max 2 1l*�G l*2

This follows from the fact that l* satisfies the equation

G ye G l*s0,Ž .1 max 2

Ž y1 .where e is an abbreviation for e G G . It is easy to see that l* can bemax max 2 1
y1 ˆchosen to be the vector G L�, since2

y1 y1 ˆ y1 ˆˆ y1 ˆG G G L� sG L���L� G L�Ž . Ž .2 1 2 2 2

ˆ y1 ˆ y1 ˆs ��L�G L� G L�ž /2 2

y1 ˆse G L� .max 2

y1 ˆ y1This shows that G L� is an eigenvector of G G for the eigenvalue e .2 2 1 max
Ž . Ž .From inequality 8.104 and formula 8.108 we conclude that if the F-test

rejects H at the �-level, then0

1r2y1r2ˆ� �l*�L� � q MS F l*�L X�X L�l* .Ž .Ž .E � , q , nyr

ˆThis means that the linear combination a*��, where a*�s l*�L, is signifi-
ˆcantly different from zero. Let us express a*�� as

q
�ˆl*�L�s l � , 8.109Ž .ˆÝ i i

is1

� ˆwhere l and � are the ith elements of l* and �sL�, respectivelyˆ ˆi i
Ž . wis1, 2, . . . , q . If we divide � by its estimated standard error � which isˆ ˆi i
equal to the square root of the ith diagonal element of the variance�covari-

ˆ 2 y 2Ž .ance matrix of L�, namely, � L X�X L� with � replaced by the error
Ž .x Ž .mean square MS in formula 8.98 , then formula 8.109 can be written asE

q
�ˆl*�L�s l � 
 , 8.110Ž .ˆ ˆÝ i i i

is1

� � �where 
 s� r� , is1, 2, . . . , q. Consequently, large values of l � identifyˆ ˆ ˆ ˆi i i i i
those elements of � that are influential contributors to the significance ofˆ
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the F-test concerning H . Note that the elements of �sL� form a set of0
linearly independent estimable linear functions of �.

We conclude from the previous arguments that the eigenvector l*, which
corresponds to the largest eigenvalue of Gy1 G , can be conveniently used to2 1
identify an estimable linear function of � that is significantly different from
zero whenever the F-test rejects H .0

Ž . ŽIt should be noted that if model 8.96 is a response surface model in this
.case, the matrix X in the model is of full column rank, that is, rsp whose

input variables, x , x , . . . , x , have different units of measurement, then1 2 k
these variables must be made scale free. This is accomplished as follows: If
x denotes the uth measurement on x , then we may consider the transfor-ui i
mation

x yxui i
z s , is1, 2, . . . , k ; us1, 2, . . . , n ,ui si

n n 2 1r2Ž . w Ž . xwhere x s 1rn Ý x , s s Ý x yx , and n is the total numberi us1 ui i us1 ui i
of observations. One advantage of this scaling convention, besides making the
input variables scale free, is that it can greatly improve the conditioning of

Žthe matrix X with regard to multicollinearity see, for example, Belsley, Kuh,
.and Welsch, 1980, pages 183�185 .

EXAMPLE 8.10.1. Let us consider the one-way classification model

y s�q� q� , is1, 2, . . . , m; js1, 2, . . . , n , 8.111Ž .i j i i j i

where � and � are unknown parameters with the latter representing thei
effect of the ith level of a certain factor at m levels; n observations arei
obtained at the ith level. The � ’s are random errors assumed to bei j
independent and normally distributed with zero means and a common
variance � 2.

Ž . Ž .Model 8.111 can be represented in vector form as model 8.96 . Here,
Ž .y s y , y , . . . , y , y , y , . . . , y , . . . , y , y , . . . , y �, � s11 12 1 n 21 22 2 n m1 m2 m n1 2 m

Ž . Ž . w x�, � , � , . . . , � �, and X is of order n� mq1 of the form Xs 1 : T ,1 2 m n
where 1 is a vector of ones of order n�1, nsÝm n , and Tsn is1 i

Ž .Diag 1 , 1 , . . . , 1 . The rank of X is rsm. For such a model, then n n1 2 m

hypothesis of interest is

H : � s� s 			 s� ,0 1 2 m

which can be expressed as H : L�s0, where L is a matrix of order0
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Ž . Ž .my1 � mq1 and rank my1 of the form

0 1 y1 0 			 0
0 1 0 y1 			 0. . . . .Ls .. . . . .. . . . .
0 1 0 0 			 y1

This hypothesis states that the factor under consideration has no effect on
the response. Note that each row of L is a linear combination of the rows of
X. For example, the ith row of L�whose elements are equal to zero except

Ž .for the second and the iq2 th elements, which are equal to 1 and y1,
respectively�is the difference between rows 1 and � q1 of X, wherei
� sÝi n , is1,2, . . . , my1. Thus the rows of L form a basis for ai js1 j

Ž .q-dimensional subspace LL of � X , the row space of X, where qsmy1.
Let � s�q� . Then � is the mean of the ith level of the factori i i

Ž . m mis1, 2, . . . , m . Consider the contrast �sÝ c � , that is, Ý c s0. Weis1 i i is1 i
Ž .can write �sa��, where a�s 0, c , c , . . . , c belongs to a q-dimensional1 2 m

subspace of Rmq1. This subspace is the same as LL , since each row of L is of
Ž . mthe form 0, c , c , . . . , c with Ý c s0. Vice versa, if �sa�� is such that1 2 m is1 i

Ž . ma�s 0, c , c , . . . , c with Ý c s0, then a� can be expressed as1 2 m is1 i

a�s yc ,yc , . . . ,yc L,Ž .2 3 m

since c syÝm c . Hence, a�g LL . It follows that LL is a subspace associ-1 is2 i
ated with all contrasts among the means � , � , . . . , � of the m levels of the1 2 m
factor.

Ž .Simultaneous 1y� 100% confidence intervals on all contrasts of the
m Ž .form �sÝ c � can be obtained by applying formula 8.97 . Here, qsis1 i i

my1, rsm, and a generalized inverse of X�X is of the form

y 0 0�X�X s ,Ž .
0 D

Ž y1 y1 y1 .where DsDiag n , n , . . . , n and 0 is a zero vector of order m�1.1 2 m
Hence,

yˆa��s 0, c , c , . . . , c X�X X�yŽ . Ž .1 2 m

m

s c y ,Ý i i .
is1
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niŽ .where y s 1rn Ý y , is1, 2, . . . , m. Furthermore,i. i js1 i j

m 2ciy
a� X�X as .Ž . Ý niis1

Ž .By making the substitution in formula 8.97 we obtain

1r22m m ci1r2c y 	 my1 MS F . 8.112Ž . Ž .Ý Ýi i . E � , my1 , nym ž /niis1 is1

Now, if the F-test rejects H at the �-level, then there exists a contrast0
�m ˆÝ c y sa*��, which is significantly different from zero, that is, the inter-is1 i i.

Ž . � Ž .val 8.112 for c sc is1, 2, . . . , m does not contain the value zero. Here,i i
y1 ˆ y1a*�s l*�L, where l*sG L� is an eigenvector of G G corresponding to2 2 1

Ž y1 .e G G . We have thatmam 2 1

y11y1yy1G s L X�X L� s J q� ,Ž .2 my1ž /n1

Ž . Ž .where J is a matrix of ones of order my1 � my1 , and �smy1
Ž y1 y1 y1 .Diag n , n , . . . , n . By applying the Sherman�Morrison�Woodbury for-2 3 m
Ž .mula see Exercise 2.15 , we obtain

y1�y1G sn n �q1 1Ž .2 1 1 my1 my1

�y11 1� �y1
my1 my1y1s� y � y1n q1 � 11 my1 my1

n2

n1 3
. w xsDiag n , n , . . . , n y n , n , . . . , n .Ž .2 2 m 2 3 m.n .

nm

Also,

y yy1 . 2 .

y yy1 . 3 .yˆ .�sL�sL X�X X�ys .Ž .ˆ ..
y yy1 . m .

y1 ˆIt can be verified that the ith element of l*sG L� is given by2

mniq1�l sn y yy y n y yy , is1, 2, . . . , my1. 8.113Ž .Ž . Ž .Ýi iq1 1 . iq1 . j 1 . j .n js2
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Ž .The estimated standard error, � , of the ith element of 	 is1, 2, . . . , my1ˆ ˆi
Ž .yis the square root of the ith diagonal element of MS L X�X L�sE

wŽ . x1rn J q
 MS , that is,1 my1 E

1r21 1
� s q MS , is1, 2, . . . , my1.ˆi Ež /n n1 iq1

Ž . � � �Thus by formula 8.110 , large values of l � identify those elements ofˆi i
ˆ	sL� that are influential contributors to the significance of the F-test. Inˆ

Ž .particular, if the data set used to analyze model 8.111 is balanced, that is,
n snrm for is1, 2, . . . , m, theni

1r22n
�� � � �l � s y yy MS , is1, 2, . . . , my1,ˆi i iq1 . . . Ež /m

mŽ .where y s 1rm Ý y .. . is1 i.
� ˆAlternatively, the contrast a �� can be expressed as

yˆa*��s l*�L X�X X�yŽ .
my1

� � � �s 0, l ,y l ,y l , . . . ,yl 0, y , y , . . . , y �Ž .Ý i 1 2 my1 1 . 2 . m .ž /
is1

m
�s c y ,Ý i i .

is1

� Ž .where l is given in formula 8.113 andi

my1°
�l , is1,Ý j� ~c s 8.114Ž .js1i

�¢yl , is2, 3, . . . , m.iy1

1r2Ž .Since the estimated standard error of y is MS rn , is1, 2, . . . , m, byi. E i
dividing y by this value we obtaini.

1r2m 1
�ˆa*��s MS c w ,Ý E i iž /niis1

1r2Ž . Ž .where w sy r MS rn is a scaled value of y is1, 2, . . . , m . Hence,i i. E i i.
�1r2Ž . � �large values of MS rn c identify those y ’s that contribute signifi-E i i i.

cantly to the rejection of H . In particular, for a balanced data set,0

n
�l s y yy , is1, 2, . . . , my1.Ž .i . . iq1 .m
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Ž .Thus from formula 8.114 we get

1r2 1r2MS nE �� � � �c s MS y yy , is1, 2, . . . , m.i E i . . .ž /ž /n mi

� �We conclude that large values of y yy are responsible for the rejection ofi. . .
H by the F-test. This is consistent with the fact that the numerator sum of0

m 2Ž .squares of the F-test statistic for H is proportional to Ý y yy when0 is1 i. . .
the data set is balanced.
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EXERCISES

8.1. Consider the function

f x , x s8 x 2y4 x x q5x 2 .Ž .1 2 1 1 2 2

Ž . Ž .Minimize f x , x using the method of steepest descent with x s 5, 2 �1 2 0
as an initial point.

8.2. Conduct a simulated steepest ascent exercise as follows: Use the
function

� x , x s47.9q3 x yx q4 x 2q4 x x q3 x 2Ž .1 2 1 2 1 1 2 2

as the true mean response, which depends on two input variables x1
and x . Generate response values by using the model2

y x s� x q� ,Ž . Ž .
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where � has the normal distribution with mean 0 and variance 2.25,
Ž .and xs x , x �. Fit a first-order model in x and x in a neighbor-1 2 1 2

hood of the origin using a 22 factorial design along with the corre-
sponding simulated response values. Make sure that replications are
taken at the origin in order to test for lack of fit of the fitted model.
Determine the path of steepest ascent, then proceed along it using
simulated response values. Conduct additional experiments as de-
scribed in Section 8.3.1.

8.3. Two types of fertilizers were applied to experimental plots to assess
their effects on the yield of a certain variety of potato. The design
settings used in the experiment along with the corresponding yield
values are given in the following table:

Original Settings Coded Settings Yield y
Ž .Fertilizer 1 Fertilizer 2 x x lbrplot1 2

50.0 15.0 y1 y1 24.30
120.0 15.0 1 y1 35.82
50.0 25.0 y1 1 40.50

120.0 25.0 1 1 50.94
1r235.5 20.0 y2 0 30.60
1r2134.5 20.0 2 0 42.90

1r285.0 12.9 0 y2 22.50
1r285.0 27.1 0 2 50.40

85.0 20.0 0 0 45.69

( )a Fit a second-order model in the coded variables

F y85 F y201 2
x s , x s1 235 5

to the yield data, where F and F are the original settings of1 2
fertilizers 1 and 2, respectively, used in the experiment.

( )b Apply the method of ridge analysis to determine the settings of the
Žtwo fertilizers that are needed to maximize the predicted yield in

the space of the coded input variables, the region R is the interior
and boundary of a circle centered at the origin with a radius equal

1r2 .to 2 .

8.4. Suppose that � and � are two values of the Lagrange multiplier �1 2
used in the method of ridge analysis. Let y and y be the correspond-ˆ ˆ1 2
ing values of y on the two spheres x�xs r 2 and x�xs r 2, respectively.ˆ 1 2
Show that if r s r and � �� , then y �y .ˆ ˆ1 2 1 2 1 2
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8.5. Consider again Exercise 8.4. Let x and x be the stationary points1 2
corresponding to � and � , respectively. Consider also the matrix1 2

ˆM x s2 By� I , is1, 2.Ž . Ž .i i

Ž . Ž .Show that if r s r , M x is positive definite, and M x is indefinite,1 2 1 2
then y �y .ˆ ˆ1 2

8.6. Consider once more the method of ridge analysis. Let x be a stationary
point that corresponds to the radius r.
( )a Show that

22 22 k k k� r � x � x � xi i i3 2 2r s2 r q r y x ,Ý Ý Ý i2 ž / ž / ž /�� �� ���� is1 is1 is1

Ž .where x is the ith element of x is1, 2, . . . , k .i

( ) Ž .b Make use of part a to show that

� 2 r
�0 if r�0.2��

Ž .8.7. Suppose that the ‘‘true’’ mean response � x is represented by a model
of order d in k input variables x , x , . . . , x of the form2 1 2 k

� x s f� x �qg� x � ,Ž . Ž . Ž .

Ž . Ž .where xs x , x , . . . , x �. The fitted model is of order d �d of the1 2 k 1 2
form

ˆy x s f� x � ,Ž . Ž .ˆ

ˆwhere � is an estimator of �, not necessarily obtained by the method
ˆŽ .of least squares. Let �sE � .

( ) Ž .a Give an expression for B, the average squared bias of y x , in termsˆ
of �, �, and �.

( )b Show that B achieves its minimum value if and only if � is of the
Ž . w y1 xform �sC�, where �s ��, �� � and Cs I: 	 	 . The matri-11 12

Ž .ces 	 and 	 are the region moments used in formula 8.54 .11 12

( ) Ž .c Deduce from part b that B achieves its minimum value if and
Žonly if C� is an estimable linear function see Searle, 1971, Section

.5.4 .
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( ) Ž .d Use part c to show that B achieves its minimum value if and only
w xif there exists a matrix L such that CsL X: Z , where X and Z are

Ž . Ž .matrices consisting of the values taken by f� x and g� x , respec-
tively, at n experimental runs.

( ) Ž .e Deduce from part d that B achieves its minimum for any design
w xfor which the row space of X: Z contains the rows of C.

ˆ ˆ( )f Show that if � is the least-squares estimator of �, that is, �s
Ž .y1X�X X�y, where y is the vector of response values at the n

Ž .experimental runs, then the design property stated in part e holds
for any design that satisfies the conditions described in equations
Ž .8.56 .
wNote: This problem is based on an article by Karson, Manson, and

Ž .Hader 1969 , who introduced the so-called minimum bias estima-
xtion to minimize the average squared bias B.

Ž . 38.8. Consider again Exercise 8.7. Suppose that f� x �s� qÝ � x is a0 is1 i i
first-order model in three input variables fitted to a data set obtained
by using the design

yg yg yg
g g yg

Ds ,
g yg g

yg g g

where g is a scale factor. The region of interest is a sphere of radius 1.
Suppose that the ‘‘true’’ model is of the form

3

� x s� q � x q� x x q� x x q� x x .Ž . Ý0 i i 12 1 2 13 1 3 23 2 3
is1

( )a Can g be chosen so that D satisfies the conditions described in
Ž .equations 8.56 ?

( )b Can g be chosen so that D satisfies the minimum bias property
Ž .described in part e of Exercise 8.7?

8.9. Consider the function

h � , D s��
� ,Ž .

Ž .where � is a vector of unknown parameters as in model 8.48 , 
 is the
Ž . �matrix in formula 8.53 , namely 
sA�	 Ay	 AyA�	 q	 , and11 12 12 22

D is the design matrix.
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( ) Ž .a Show that for a given D, the maximum of h �, D over the region
� � 24 2 Ž . Ž .�s � ���F r is equal to r e 
 , where e 
 is the largestmax max

eigenvalue of 
 .
( ) Ž .b Deduce from part a a design criterion for choosing D.

8.10. Consider fitting the model

y x s f� x �q� ,Ž . Ž .

where � is a random error with a zero mean and a variance � 2.
Suppose that the ‘‘true’’ mean response is given by

� x s f� x �qg� x � .Ž . Ž . Ž .

Ž .Let X and Z be the same matrices defined in part d of Exercise 8.7.
Ž .Consider the function � �, D s��S�, where

y1SsZ� IyX X�X X� Z,Ž .

Ž . 2and D is the design matrix. The quantity � �, D r� is the noncentral-
ity parameter associated with the lack of fit F-test for the fitted model
Ž . 2see Khuri and Cornell, 1996, Section 2.6 . Large values of �r�

Ž .increase the power of the lack of fit test. By formula 8.54 , the
minimum value of B is given by

n
B s ��T� ,min 2�

where Ts	 y	� 	y1 	 . The fitted model is considered to be22 12 11 12
inadequate if there exists some constant ��0 such that ��T�G� .
Show that

inf ��S�s� e Ty1S ,Ž .min
�g�

Ž y1 . y1where e T S is the smallest eigenvalue of T S and � is themin
� � 4region � ��T�G� .

wNote: On the basis of this problem, we can define a new design
Ž y1 .criterion, that which maximizes e T S with respect to D. A designmin

Žchosen according to this criterion is called � -optimal see Jones and1
. xMitchell, 1978 .

8.11. A second-order model of the form

y x s� q� x q� x q� x 2q� x 2q� x x q�Ž . 0 1 1 2 2 11 1 22 2 12 1 2
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is fitted using a rotatable central composite design D, which consists of
a factorial 22 portion, an axial portion with an axial parameter �s21r2 ,
and n center-point replications. The settings of the 22 factorial0
portion are 
1. The region of interest R consists of the interior and
boundary of a circle of radius 21r2 centered at the origin.
( )a Express V, the average variance of the predicted response given by

Ž .formula 8.52 , as a function of n .0

( )b Can n be chosen so that it minimizes V ?0

8.12. Suppose that we have r response functions represented by the models

y sX� q� , is1, 2, . . . , r ,i i i

where X is a known matrix of order n�p and rank p. The random
error vectors have the same variance�covariance structure as in Section

Ž . w x w x8.7. Let FsE Y sXB, where Ys y :y : 			 :y and Bs � : � : 			 :� .1 2 r 1 2 r
Ž . Ž .Show that the determinant of YyF � YyF attains a minimum

ˆ ˆvalue when BsB, where B is obtained by replacing each � in B withi
ˆ y1Ž . Ž .� s X�X X�y is1, 2, . . . , r .i i
w Ž . Ž .Note: The minimization of the determinant of YyF � YyF with
respect to B represents a general multiresponse estimation criterion

Žknown as the Box�Draper determinant criterion see Box and Draper,
. x1965 .

8.13. Let A be a p�p matrix with nonnegative eigenvalues. Show that

det A Fexp tr AyI .Ž . Ž .p

w Ž .Note: This inequality is proved in an article by Watson 1964 . It is
Ž .based on the simple inequality aFexp ay1 , which can be easily

xproved for any real number a.

8.14. Let x , x , . . . , x be a sample of n independently distributed random1 2 n
Ž .vectors from a p-variate normal distribution N �, V . The correspond-

ing likelihood function is

n1 1
y1Ls exp y x y� �V x y� .Ž . Ž .Ý i inr2n pr2 22� det VŽ . Ž . is1

It is known that the maximum likelihood estimate of � is x, where
nŽ . Ž .xs 1rn Ý x see, for example, Seber, 1984, pages 59�61 . Let S beis1 i

the matrix

n1
Ss x yx x yx �.Ž . Ž .Ý i in is1
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Show that S is the maximum likelihood estimate of V by proving that

n1 1
y1exp y x yx �V x yxŽ . Ž .Ý i inr2 2det VŽ . is1

n1 1
y1F exp y x yx �S x yx ,Ž . Ž .Ý i inr2 2det SŽ . is1

or equivalently,

n nnr2y1 y1det SV exp y tr SV Fexp y tr I .Ž . Ž . Ž .p2 2

w xHint: Use the inequality given in Exercise 8.13.

8.15. Consider the random one-way classification model

y s�q� q� , is1, 2, . . . , a; js1, 2, . . . , n ,i j i i j i

Ž 2 .where the � ’s and � ’s are independently distributed as N 0, � andi i j �

Ž 2 . Ž .N 0, � . Determine the matrix S and the vector q in equation 8.95�

that can be used to obtain the MINQUEs of � 2 and � 2.� �

8.16. Consider the linear model

ysX�q� ,

where X is a known matrix of order n�p and rank p, and � is
normally distributed with a zero mean vector and a variance�covari-

2 Ž .ance matrix � I . Let y x denote the predicted response at a point xˆn
in a region of interest R.

Ž .Use Scheffe’s confidence intervals given by formula 8.97 to obtain´
simultaneous confidence intervals on the mean response values at the

Ž .points x , x , . . . , x mFp in R. What is the joint confidence coeffi-1 2 m
cient for these intervals?

8.17. Consider the fixed-effects two-way classification model

y s�q� q� q �� q� ,Ž . i ji jk i j i jk

is1, 2, . . . , a; js1, 2, . . . , b; ks1, 2, . . . , m ,
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Ž .where � and � are unknown parameters, �� is the interactioni j i j
effect, and � is a random error that has the normal distribution withi jk
a zero mean and a variance � 2.
( )a Use Scheffe’s confidence intervals to obtain simultaneous confi-´

Ž .dence intervals on all contrasts among the � ’s, where � sE yi i i. .
b mŽ .and y s 1rbm Ý Ý y .i. . js1 ks1 i jk

( )b Identify those y ’s that are influential contributors to the sig-i. .
nificance of the F-test concerning the hypothesis H : � s� s0 1 2
			 s� .a


